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1 Vector Calculus Multivariable Calculus

1 Vector Calculus

1.1 Preliminary Ideas and some revision of vectors

Einstein summation convention

In Lecture 1any product of terms, if we have a repeated suffix, then that quantity is
considered to be summed over (from 1 to 3, since we will usually be working

in three dimensions). For example aixi is shorthand for
∑3

i=1 aixi.

Definition (The Kronecker delta). This is the quantity δij and is defined
such that

δij =

{
1, i = j;

0, i ̸= j

E.g. δi1a1 + δi2a2 + δi3a3 = ai.

Note that the left-hand side had two different subscripts, while the right-hand-
side ends up with only one subscript - this is known as a contraction.

Definition (The permutation symbol). This is the quantity εijk defined
as

εijk =


0, if any two of i, j, k are the same;

1, if i, j, k is an even permutation of 1, 2, 3;

−1, if i, j, k is an odd permutation of 1, 2, 3

An even permutation is a cyclic permutation, i.e. (123), (231), (312). An odd
permutation is an acyclic permutation, i.e. (321), (213), (132). For example
ε123 = 1, ε321 = −1, ε133 = 0.

We can show, by considering the various cases, that the Kronecker delta and
the permutation symbol are connected by the formula

εijkεilm = δjlδkm − δjmδkl

The quantities δij and εijk are known as tensors.

Definition (Vector Product). This is the multiplication of two vectors
which results in a third vector, perpendicular to the first two. It can be
written in the form of a determinant as

a× b =

∣∣∣∣∣∣
i j k
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣

3



1 Vector Calculus Multivariable Calculus

If a×b = 0, then the two vectors are parallel. Recall that (a×b) = −(b×a).
If we just consider the first component of this vector we can write this as

a2b3 − a3b2 = ε123a2b3 + ε132a3b2

= ε1jkajbk

=
3∑

j=1

3∑
k=1

ε1jkajbk

Since ε123 = 1, ε132 = −1, and ε1ij = 0 for all other i and j. In general we
can write the ith component of a× b as

[a× b]i = εijkajbk

Definition (Scalar Product). This is defined as

a · b = a1b1 + a2b2 + a3b3

= aibi

using the summation convention.

Recall that if a · b = 0, then the vectors a and b are orthogonal.

Definition (Triple scalar product). This is the quantity

a · (b× c) = ai[b× c]i

= aiεijkbjck

= εijkaibjck

If this quantity is zero then the vectors a,b, c are coplanar. A useful property
of the triple scalar prodcut is that the dot and cross can be swapped without
changing the answer provided the order of the vectors remained unchanged,
i.e. a · (b× c) = (a× b) · c, as εijkaibjck = (εkijaibj)ck = [a× b]kck.

Definition (Triple vector product). This is defined as

a× (b× c)

Since b × c is a vector normal to the plane of b and c, and a × (b × c) is
normal to b× c, it follows that the triple vector product must lie in the plane
of b and c. In component notation

[a× (b× c)]i = εijkaj [b× c]k

= εijkajεklmblcm

= (δilδjm − δimδjl)ajblcm
= ajbicj − ajbjci
= (a · c)bi − (a · b)ci

4



1 Vector Calculus Multivariable Calculus

and so we conclude that

a× (b× c) = (a · c)b− (a · b)c

which confirms explicitly that the triple vector product does lie in the plane
of b and c.

1.2 Gradient

Let ϕ be a differentiable Lecture 2scalar function of position in three dimensions. If P is
a general point, ϕ will depend on the position of P , so we may write ϕ = ϕ(P ).
The position of P is defined by the reference to a coordinate system e.g. if we
consider Cartesian coordinates, coordinates, then P depends on (x, y, z) and
hence ϕ = ϕ(x, y, z), while if we consider cylindrical polar coordinates (r, θ, z)
then ϕ = ϕ(r, θ, z).

The equation ϕ = constant defines a surface in three dimensions. Varying
the constant, we can define a family of surfaces called level surfaces or equi-ϕ
surfaces. For example, if ϕ represents pressure, then ϕ = constant defines a
family of surfaces over which the pressure is constant. The surface through a
specific point P is ϕ = ϕ(P ). Let Q be a neighbouring point. (See picture).

ŝ

n̂

φ = φ(P )

φ = φ(Q)

P

N

Q

θ

n

s

The equation of the level surface through Q is ϕ(Q). We draw the normal to
ϕ = ϕ(P ) at P . Suppose that it intersects ϕ = ϕ(Q) at point N . Since N is
on ϕ = ϕ(Q), we have ϕ(N) = ϕ(Q). Let s denote the length along PQ and
let n denote the length along PN . Introduce unit vectors ŝ and n̂ in those
directions.

Definition (Directional derivative). We define

∂ϕ

∂s
=
∂ϕ

∂n
( n̂ · ŝ)

to be the directional derivative of ϕ in the direction of ŝ.

5
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We derive this:

∂ϕ

∂s
= lim

PQ→0
(ϕ(Q)− ϕ(P ))/PQ

= lim
P→Q

(ϕ(Q)− ϕ(P ))/PN · (PN/PQ)

= lim
N→P

(ϕ(N)− ϕ(P ))/PN · lim
Q→P

PN/PQ

=
∂ϕ

∂n
cos θ

=
∂ϕ

∂n
( n̂ · ŝ)

Since cos θ ≤ 1, the maximum directional derivative at P occurs along the
normal to ϕ = ϕ(P ) at P .

Definition. The vector n̂∂ϕ/∂n is the gradient of ϕ at P , written as
gradϕ or ∇ϕ. The operator grad or ∇ is known as the vector gradient
operator.

So we have the directional derivative as

∂ϕ

∂s
= ŝ · ∇ϕ

Cartesian Components of ∇ϕ
If∇ϕ = A1 î+A2 ĵ+A3 k̂, then î·∇ϕ = A1. But, by definition, î·∇ϕ = ∂ϕ/∂x.
Hence A1 = ∂ϕ/∂x. Similarly we find A2 = ∂ϕ/∂y, A3 = ∂ϕ/∂z and so we
have the result:

∇ϕ =
∂ϕ

∂x
î+

∂ϕ

∂y
ĵ+

∂ϕ

∂z
k̂

Example 1.1. If ϕ = axy2 + byz + cx3z2, where a, b, c are constant, find
∇ϕ. Also find the directional derivative of ϕ at the point (1, 4, 2) in the
direction towards the point (2, 0,−1).

∇ϕ = î(ay2 + 3cx2z2) + ĵ(2axy + bz) + k̂(by + 2cx3z)

At P = (1, 4, 2) we have

(∇ϕ)P = î(16a+ 12c) + ĵ(8a+ 2b) + k̂(4b+ 4c)

P = (1, 4, 2)

(2, 0,−1)

6



1 Vector Calculus Multivariable Calculus

s = (2, 0,−1)− (1, 4, 2) = (1,−4,−3)

=⇒ ŝ =
(1, 4,−3)√
12 + 42 + 32

=
î− 4 ĵ− 3 k̂√

26

So the directional derivative is(
∂ϕ

∂s

)
P

= (∇ϕ · ŝ)P

=
(16a+ 12c)− 4(8a+ 2b)− 3(4b+ 4c)√

26

Cylindrical polar components of ∇ϕ
The set-up is as shown below.

x

y

z

θ

P

θ̂
k̂

r̂

r
r̂ · k̂ = sin θ

We write ∇ϕ = A1 r̂+A2 θ̂ +A3 k̂. Then it follows that

A1 = r̂ · ∇ϕ

= r̂ ·
(
∂ϕ

∂x
î+

∂ϕ

∂y
ĵ+

∂ϕ

∂z
k̂

)
= cos θ

∂ϕ

∂x
+ sin θ

∂ϕ

∂y
+ 0

We’re in plane polar coordinates, so x = r cos θ and y = r sin θ, thus

A1 =
∂x

∂r

∂ϕ

∂x
+
∂y

∂r

∂ϕ

∂y

=
∂ϕ

∂r
(transformation rule)

Similarly, we find A2 = θ̂ · ∇ϕ = (1/r)∂ϕ/∂θ, A3 = k̂ · ∇ϕ = ∂ϕ/∂z, and
hence

∇ϕ = r̂
∂ϕ

∂r
+

θ̂

r

∂ϕ

∂θ
+ k̂

∂ϕ

∂z
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Equation of a tangent plane to ϕ = ϕ(P )

We have that (∇ϕ)P is normal to ϕ = ϕ(P ) at P . The equation of the tangent
plane is therefore

(r− rP ) · (∇ϕ)P = 0

ie. (
∂ϕ

∂x

)
P

(x− xP ) +
(
∂ϕ

∂y

)
P

(y − yP ) +
(
∂ϕ

∂z

)
P

(z − zP ) = 0

Example 1.2. Find the tangent plane to the surface z = e−(x2+y2)1/2 at
the point x = −1, y = 0.

Let ϕ = z − e−(x2+y2)1/2 = 0.

=⇒ ∂ϕ

∂x
=
xe−(x2+y2)1/2

(x2 + y2)1/2

= −e−1 at (−1, 0)

Similarly ∂ϕ/∂y = 0 at (−1, 0) and ∂ϕ/∂z = 1 at (−1, 0), and zP =
e−1 =⇒ the tangent plane is

−e−1(x− (−1)) + 0 + (1)(z − e−1) = 0

=⇒ z =
1

e
(2 + x)

Which looks like this:

−2 −1 0 1 2 −2

0

2
−1

0

1

2

x
y

z

1.3 Curl and Divergence

Definition. Since ∇ Lecture 3is a vector operator, we can define formally a scalar
product ∇ ·A. This is called the divergence of the vector A. We can also
define the vector product ∇×A, which is called the curl of A.

So to summarise, we have

divA = ∇ ·A, curlA = ∇×A

8
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Cartesian Form

divA =

(
î
∂

∂x
+ ĵ

∂

∂y
+ k̂

∂

∂z

)
·
(
A1 î+A2 ĵ+A3 k̂

)
=
∂A1

∂x
+
∂A2

∂y
+
∂A3

∂z
←− A scalar

curlA =

∣∣∣∣∣∣∣
î ĵ k̂
∂
∂x

∂
∂y

∂
∂z

A1 A2 A3

∣∣∣∣∣∣∣
= î

(
∂A3

∂y
− ∂A2

∂z

)
− k̂

(
∂A3

∂x
− ∂A1

∂z

)
+ k̂

(
∂A2

∂x
− ∂A1

∂y

)
←− A vector

Note that these simple forms for div and curl arise because î, ĵ, k̂ are constant
vectors: this is not so in other coordinate systems.

Examples 1.3.

(a) If

A = (y2 cosx+ z3) î+ (2y sinx− 4) ĵ+ (3xz2 + 2) k̂

Find divA and curlA.

divA =
∂

∂x
(y2 cosx+ z3) +

∂

∂y
(2y sinx− 4) +

∂

∂z
(3xz2 + 2)

= −y2 sinx+ 2 sinx+ 6xz

curlA =

∣∣∣∣∣∣∣∣
î ĵ k̂

∂x ∂y ∂z

y2 cosx+ z3 2y sinx− 4 3xz2 + 2

∣∣∣∣∣∣∣∣
= î(0)− ĵ(3z2 − 3z2) + k̂(2y cosx− 2y cosx) = 0

(b) Find divu and curlu when (i) u = r; (ii) u = ω × r, where r =

x î+ y ĵ+ z k̂, and ω = Ω k̂ with Ω constant.

(i) We calculate

divu = 1 + 1 + 1 = 3

curlu =

∣∣∣∣∣∣
î ĵ k̂
∂x ∂y ∂z
x y z

∣∣∣∣∣∣ = 0

(ii)

9
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u = ω × r(ω = Ω k̂) =

∣∣∣∣∣∣
î ĵ k̂
0 0 Ω
x y z

∣∣∣∣∣∣
= î(−Ωy)− ĵ(−Ωx)

= −Ωy î+Ωx ĵ

=⇒ divu = 0 (u is solenoidal)

curlu =

∣∣∣∣∣∣
î ĵ k̂
∂x ∂y ∂z
−Ωy Ωx 0

∣∣∣∣∣∣
= k̂(Ω + Ω)

= 2Ω k̂ = 2ω

Note that the curl u is related to rotation.

Divergence in cylindrical polar coordinates

divA = ∇ ·A

=

(
r̂
∂

∂r
+

θ̂

r

∂

∂y
+ k̂

∂

∂z

)
· (A1 r̂+A2 θ̂ +A3 k̂)

= r̂ ·
(
∂

∂r
(A1 r̂) +

∂

∂r
(A2 θ̂) +

∂

∂r
(A3 k̂)

)
+

θ̂

r
·
(
∂

∂θ
(A1 r̂) +

∂

∂θ
(A2 θ̂) +

∂

∂θ
(A3 k̂)

)
+ k̂ ·

(
∂

∂z
(A1 r̂) +

∂

∂z
(A2 θ̂) +

∂

∂z
(A3 k̂)

)
Note how the unit vectors r̂ and θ̂ vary:

O

r̂(θ + δθ)

1

r̂(θ)θ̂

θ

δθ

û

−→
enlarging 4

sin(δθ/2)

δθ/2

û

Now if we only vary r then the unit vectors stay constant and we have

∂

∂r
( r̂, θ̂, k̂) = (0, 0, 0)

Similarly
∂

∂z
( r̂, θ̂, k̂) = (0, 0, 0)

10
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However, if we look at the picture above, we see

∂ r̂

∂θ
= lim

δθ→0

r̂(θ + δθ)− r̂(θ)

δθ

= lim
δθ→0

[
2 sin( 12δθ) û

δθ

]
= θ̂

Similarly

∂ θ̂

∂θ
= − r̂

(try this as an exercise) and hence

∂

∂θ
( r̂, θ̂, k̂) = ( θ̂,− r̂, 0)

Going back to our expression for div A above, we find that

divA =
∂A1

∂r
+
A1

r
+

1

r

∂A2

∂θ
+
∂A3

∂z

Example 1.4. A vector field has the form

u = r sin(2θ) r̂+ r cos(2θ) θ̂

Find the divergence of u.

We calculate
u1 = r sin 2θ

u2 = r cos 2θ

u3 = 0

Then
divu = sin 2θ + sin 2θ +

1

r
(−2r sin 2θ)

= 0 (solenoidal)

1.4 Operations with the gradient operator

Important sum and product formulae

Note Lecture 4that ∇ is a linear operator, and so:

(i) ∇(ϕ1 + ϕ2) = ∇ϕ1 +∇ϕ2 .

(ii) div (A+B) = divA+ divB.

(iii) curl (A+B) = curlA+ curlB.

The proofs of these results follow immediately from the definition of ∇. Other
key results are:

(iv) ∇(ϕψ) = ϕ∇ψ + ψ∇ϕ.

11
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(v) div (ϕA) = ϕdivA+∇ϕ ·A.

Proof of (v).

div (ϕA) =

(
î
∂

∂x
+ ĵ

∂

∂y
+ k̂

∂

∂z

)
· (ϕA1 î+ ϕA2 ĵ+ ϕA3 k̂)

=
∂

∂x
(ϕA1) +

∂

∂y
(ϕA2) +

∂

∂z
(ϕA3)

= ϕ

[
∂A1

∂x
+
∂A2

∂y
+
∂A3

∂z

]

=
ϕ divA

+A1
∂ϕ

∂x
+A2

∂ϕ

∂y
+A3

∂ϕ

∂z

=

(A·∇)ϕ

�

In writing out these proofs it is easier to use the summation convention that
we introduced earlier. Rather than write (x, y, z) for Cartesian components,

we write (x1, x2, x3) and in place of ( î, ĵ, k̂), we write ( ê1, ê2, ê3). Then we
saw ealier that

A ·B = AiBi,

A×B = εijk êiAjBk

Also recall the useful result that

εijkεklm = δilδjm − δimδjl

Thus, under the summation convention:

divA =
∂Ai

∂xi

[∇ϕ]i =
∂ϕ

∂xi

[curlA]i = εijk
∂

∂xj
Ak

where [ ]i indicates the ith component.

Using this approach, the proof of (v) takes the form:

div (ϕA) =
∂

∂xi
(ϕAi)

= ϕ
∂Ai

∂xi
+Ai

∂ϕ

∂xi
= ϕ divA+ (A · ∇)ϕ

Other important results are:

(vi) curl (ϕA) = ϕ curlA+∇ϕ×A.

(vii) div (A×B) = B · curlA−A · curlB.

(viii) curl (A× B) = (B · ∇)A = BdivA− (A · ∇)B+AdivB.

(ix) ∇(A ·B) = (B · ∇)A+ (A · ∇)B+B× curlA+A× curlB.

12
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Example 1.5. Prove relation (ix) above.

Proof.

[(B · ∇)A+ (A · ∇)B+B× curlA+A× curlB]i

= Bj
∂Ai

∂xj
+Aj

∂Bi

∂xj
+ εijkBj(curlA)k + εijkAj(curlB)k

= Bj
∂Ai

∂xj
+Aj

∂Bi

∂xj
+ εijk

[
Bjεklm

∂Am

∂xl
+Ajεklm

∂Bm

∂xl

]

= Bj
∂Ai

∂xj
+Aj

∂Bi

∂xj
+ (δilδjm − δimδjl)

[
Bj
∂Am

∂xl
+Aj

∂Bm

∂xl

]

=
�

�
��Bj
∂Ai

∂xj
+
�
�
��Aj
∂Bi

∂xj
+Bj

(
∂Aj

∂xi
−

�
��
∂Ai

∂xj

)
+Aj

(
∂Bj

∂xi
−

�
��
∂Bi

∂xj

)

= Bj
∂Ai

∂xi
+Ai

∂Bj

∂xi

=
∂

∂xi
(AjBj)

= [∇(A ·B)]i

as required. �

The divergence of a gradient: the Laplacian

Definition. The operation

div (∇ϕ) =
(
î
∂

∂x
+ ĵ

∂

∂y
+ k̂

∂

∂z

)
·
(
∂ϕ

∂z
î+

∂ϕ

∂y
ĵ+

∂ϕ

∂z
k̂

)
=
∂2ϕ

∂x2
+
∂2ϕ

∂y2
+
∂2ϕ

∂z2

= ∇2ϕ

This is the Laplacian of ϕ, read as “del squared ϕ”. The operator ∇2 is
known as the Laplacian operator.

We also define the Laplacian of a vector as

∇2A =
∂2A

∂x2
+
∂2A

∂y2
+
∂2A

∂z2

in Cartesian coordinates, and the equation ∇2ϕ = 0 is known as Laplace’s
equation, which we will see more of in the chapter on partial differential equa-
tions.

13
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Example 1.6. If ϕ = x2 + y2, find ∇2ϕ.

∂2ϕ

∂x2
= 2 =

∂2ϕ

∂y2
;

∂2ϕ

∂z2
= 0

=⇒ ∇2ϕ = 4

This is a special case of Poisson’s equation.

The curl of a gradient

Consider the operation

curl (∇ϕ) =

∣∣∣∣∣∣
î ĵ k̂
∂x ∂y ∂z
ϕx ϕy ϕz

∣∣∣∣∣∣
= î

(
�
�
�∂2ϕ

∂y∂z
−
�

�
�∂

∂z

∂ϕ

∂y

)
− ĵ

(
�
�
�∂2ϕ

∂x∂z
−
�
�
�∂

∂z

∂ϕ

∂x

)
+ k̂

(
�
�
�∂2ϕ

∂x∂y
−
�
�
�∂

∂y

∂ϕ

∂x

)
= 0

(This result can also be established by using tensor notation.)

Example 1.7. Consider ϕ = axy2 + byz + cx3z2 and show explicitly
curl∇ϕ = 0.

∇ϕ = î(ay2 + 3cx2z2) + ĵ(2axy + bz) + k̂(by + 2cx3z)

=⇒ curl (∇ϕ) =

∣∣∣∣∣∣∣∣
î ĵ k̂

∂x ∂y ∂z

ay2 + 3cx2z2 2axy + bz by + 2cx3z

∣∣∣∣∣∣∣∣
= î(b− b)− ĵ(6cx2z − 6cx2z) + k̂(2ay − 2ay)

= 0

as expected.

The divergence of a curl

This Lecture 5is also always zero, as can be seen from the following argument:

div (curlA) =
∂

∂xi
[curlA]i = ϵijk

∂

∂xi

∂

∂xj
Ak = 0

with the zero following from symmetry argument.

14
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Example 1.8. Verify that div (curlA) = 0 for the quantity A = yex î+

(x2 + z) ĵ+ y3 cos(zx) k̂.

curlA =

∣∣∣∣∣∣
î ĵ k̂
∂x ∂y ∂z
yex xz + z y3 cos(zx)

∣∣∣∣∣∣
= î(3y2(cos(zx)− 1)− ĵ(−y3z sin(zx)) + k̂(2x− ex)

=⇒ div (curlA) =(((((((−3y2z sin(zx) +������
3y2z sin(zx) + 0

= 0

as required.

The curl of a curl

This is the vector quantity curl (curlA). Using tensor notation, and the sum-
mation convention we can show that

curl (curlA) = ∇(divA)−∇2 A

Proof. [curl (curlA)]i = εijk
∂

∂xj
(curlA)k

= εijk
∂

∂xj

[
εklm

∂Am

∂xl

]

= (δilδjm − δimδjl)
∂

∂xj

∂

∂xl
Am

=
∂

∂xj

∂

∂xi
Aj −

∂

∂xj

∂

∂xj
Ai

=
∂

∂xi

[
∂

∂xj
Aj

]
− ∂2

∂x2j
Ai

=
∂

∂xi
[divA]− (∇2 A)i

= [∇(divA)]i − (∇2 A)i

as required. �

Exercise: Calculate curl (curlA), ∇(divA) and ∇2 A for A = yex î + (x2 +

z) ĵ+ y3 cos(zx) k̂.
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Scalar and vector fields

Definition. If, at each point of a region V of space, a scalar function ϕ
is defined, we say that ϕ is a scalar field over the region V . Similarly, if a
vector function A is also defined at all points of V , then A is a vector field
over V .

If curlA = 0, we say that A is an irrotational vector field. If divA = 0,
we say that A is a solenoidal vector field.

An obvious example of a vector field is the position vector r of a point in
space. In three dimensions: r = x î+ y ĵ+ z k̂.

div r = 3

curl r =

∣∣∣∣∣∣
î ĵ k̂
∂x ∂y ∂z
x y z

∣∣∣∣∣∣ = 0

|r| = r = (x2 + y2 + z2)1/2

∇r = ∇(x2 + y2 + z2)1/2

=

(
î
∂

∂x
+ ĵ

∂

∂y
+ k̂

∂

∂z

)
(x2 + y2 + z2)1/2

= (x2 + y2 + z2)−1/2(x î+ y ĵ+ z k̂)

= r/|r| = r̂

Example 1.9. Find ∇2 (1/r) = ∇ · (∇(1/r)). (r ̸= 0)

First

∇(1/r) =
(
î
∂

∂x
+ ĵ

∂

∂y
+ k̂

∂

∂z

)
(x2 + y2 + z2)−1/2

= (x2 + y2 + z2)−3/2(−x î− y ĵ− z k̂)

Then

∇ · (∇(1/r)) = −

 ∂

∂x

(
x

(x2 + y2 + z2)3/2

)
+

∂

∂y

(
y

(x2 + y2 + z2)3/2

)

+
∂

∂z

(
z

(x2 + y2 + z2)3/2

)
= −3(x2 + y2 + z2)−3/2 + (3/2)(2x)(x2 + y2 + z2)−5/2x

+ (3/2)(2y)(x2 + y2 + z2)−5/2y + (3/2)(2z)(x2 + y2 + z2)−5/2z

= −3(x2 + y2 + z2)−3/2 + 3(x2 + y2 + z2)−3/2

= 0

Hence 1/r satisfies Laplace’s eqn in 3D. In fact 1/(r−r0) is also a solution.

16
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1.5 Line integrals

Consider Lecture 6a curve γ (not necessarily in the plane, not necessarily smooth)
joining the points A and B. E.g.

P1
P2

PN−1

B ≡ PN

A ≡ P0

γ
or

B

A

Definition. Suppose that the curve is divided intoN sections: AP1, . . . , PN−1B.
Let AP1 = δs1 , P1P2 = δs2, . . . , PN−1B = δsN . Next, suppose a function
f is defined along this curve γ. We compute the sum

f1δs1 + f2δs2 + · · ·+ fNδsN

where fn = f(PN ).

On increasing N indefinitely, while letting the maximum δsn → 0, the
results limit of the sum, if it exists, is called the line integral of f along γ
(of first kind), and we write∫

γ

f ds = lim
N→∞

max δsn→0

N∑
n=1

fnδsn

The function f may be a scalar or a vector.

Line element

Definition. Let δs represent the arc PQ and suppose that the vector
P⃗Q = δr. We define the tangent vector

t̂ =
dr

ds
= lim

δs→0

δr

δs

and the line element as dr = r̂ds.

δs

t̂

Q

P

|δr| → δs

as δs→ 0

r

δr
r+ δr

Note that t̂ has length unity because |δr| → δs as δs→ 0. We can then define

17
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Definition (Line integral of 2nd kind).∫
γ

A · dr =

∫
γ

(A · t̂)︸ ︷︷ ︸
scalar

ds

Conservative forces

Consider the special case where we have a vector F of the form F = ∇ϕ.
Consider the integral (with γ defined as above):∫

γ

F · dr =
∫
γ

(∇ϕ · t̂) ds

=

∫
γ

∂ϕ

∂s
ds

= [ϕ]BA

= ϕ(B)− ϕ(A)

We note that the result is independent of the
path γ joining A to B. In particular, if γ is
a closed curve (i.e. B = A), then we have∫
γ
F · dr = 0.

B

A

γ

r1

Definition (Conservative Field, Potential). If a vector field F has the
property that

∮
γ
F · dr = 0 for any closed curve γ, we say that F is a

conservative field. Conversely, if F is conservative we can always find a
scalar function ϕ such that F = ∇ϕ. The function ϕ is called the potential
of the field F.

N.B.
∮
means we go all the way round the closed curve.

Proposition 1.10. If F is conservative, ∃ϕ such that F = ∇ϕ.

Proof. Let F = F1 î+F2 ĵ+F3 k̂. Since we know that F is conservative, it must

be the case that
∫ P

A
F · dr is independent of the path from A to P . Suppoes

C1 and C2 are any two curves drawn from A to P . Form the closed curve Γ
formed of travelling from A to P along C1 and then back along C2 from P to
A.

Q(x+ δx, y, z)
P (x, y, z)

A

C2

C1

18
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Since F is conservative, we have

0 =

∫
γ

F · dr =

∫
C1

F · dr−
∫
C2

F · dr

and hence ∫
C1

F · dr =

∫
C2

F · dr

Suppose that the point A is fixed. Then∫ P

A

F · dr = G(P ), say

= G(x, y, z)

Let Q be the point (x+ δx, y, z) and let P be the point (x, y, z). Consider the
quantity

G(x+ δx, y, z)−G(x, y, z) ≡
∫ Q

A

F · dr−
∫ P

A

F · dr

=

∫ Q

P

F · dr

But we can choose the path from P to Q so that only x varies, in which case
dr = îdx. Thus

G(x+ δx, y, z)−G(x, y, z) =
∫ x+δx

x

F1 dx

From first principles

∂G

∂x
= lim

δx→0
[G(x+ δx, y, z)−G(x, y, z)]/δx

= lim
δx→0

(∫ x+δx

x

F1 dx

)/
δx

= F1 (L’ Hôptial)

Similarly we can show that

F2 =
∂G

∂y
, F3 =

∂G

∂z

Thus if F is conservative, then a scalar function (G in this case) can be found
such that F = ∇G. So actually G = ϕ. �

Example 1.11. For the vector field F = (3x2 + yz) î + (6y2 + xz) ĵ +

(12z2 + xy) k̂, find a scalar function ϕ(x, y, z) such that F = ∇ϕ. Hence

calculate
∫ B

A
F · dr, where A = (0, 0, 0) and B = (1, 1, 1).

[We could show that curlF = 0]
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If F = ∇ϕ, then

F1 = 3x2 + yz =
∂ϕ

∂x
=⇒ ϕ = x3 + xyz + f1(y, z)

F2 = 6y2 + zx =
∂ϕ

∂y
=⇒ ϕ = 2y3 + xyz + f2(x, z)

F3 = 12z2 + xy =
∂ϕ

∂z
=⇒ ϕ = 4z3 + xyz + f3(x, y)

=⇒ ϕ = x2 + 2y3 + 4z3 + xyz + C

Hence ∫ B

A

F · dr = [ϕ]
B
A = ϕ(1, 1, 1)− ϕ(0, 0, 0)

= 1 + 2 + 4 + 1 + C − C
= 8

Circulation

Definition (Circulation). When Lecture 7γ is a closed curve we often use the no-
tation ∮

γ

F · dr

This integral is called the circulation of F around the closed curve γ.

Example 1.12. Evaluate
∫
γ
F · dr with F = yz î + xy ĵ + zx k̂, when γ

joins (0, 0, 0) to (1, 1, 1) along:

(i) C1 + C2 with the curve x = y2, z = 0 from (0, 0, 0) to (1, 1, 0) and
C2 is the straight line joining (1, 1, 0) to (1, 1, 1)

(ii) C3 is the straight line joining (0, 0, 0) to (1, 1, 1).

x

y

z
(1, 1, 1)

C1

x = y2

C2

C3

(1, 1, 0)
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(i) On C1: x = y2 =⇒ dx = 2y dy. z = 0 =⇒ dz = 0.

dr = dx î+ dy ĵ+ dz k̂

= 2y dy î+ dy ĵ along C1

Also along C1 :
F = 0 î+ y3 ĵ+ 0 k̂

=⇒ F · dr = y3 dy

=⇒
∫
C1

F · dr =

∫ 1

0

y2dy = 1/4

On C2: x = y = 1 =⇒ dx = dy = 0. Then z goes from 0 to 1, so
dr = dz k̂ and F = z î+ ĵ+z k̂ on C2 =⇒ F ·dr = z dz =⇒

∫
C2

F ·dr =∫ 1

0
z dz = 1/2.

Therefore ∫
C

=

∫
C1

+

∫
C2

=
1

4
+

1

2
=

3

4

(ii) Along C3 : x = y = z = t (0 ≤ t ≤ 1). So dx = dy = dz = dt on

C3 =⇒ dr = ( î+ ĵ+ k̂)dt and F = t2 î+ t2 ĵ+ t2 k̂.

=⇒ F · dr = 3t2 dt

=⇒
∫
C3

F · dr =

∫ 1

0

3t2 dt = [t3]10 = 1

The answers to (i) and (ii) are different because F is not conservative i.e.
it is not possible to find a ϕ such that F = ∇ϕ.

1.6 Surface Integrals

Definition (Surface Integral). To define a surface integral of f = f(P )
over a surface S, we divide S into elements of area δS1, δS2, . . . , δSN .
Let f1, f2, . . . , fS be the values of f at typical points P1, P2, . . . , PN of
δS1, δS2, . . . , δSN respectively. We calculate the quantity

N∑
n=1

fn δSn

We now let N → ∞, max δSN → 0. The resulting limit, if it exists, is
called the surface integral of f over S, and we write it as

∫
S

f dS = lim
N→∞

max(δSn)→0

 N∑
n=1

fn δSn


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Types of surfaces

Closed surface: Lecture 8This divides three-dimensional space into two non-connected
regions - an interior region and exterior region.

Simple closed surface: This is a closed surface which does not intersect itself.

Convex surface: This is a surface which is crossed by a straight line at most
twice.

Open surface: This is does not divide into two non-connected regions - it has
a rim which can be represented by a closed curve. (A closed surface can be
thought of as the sum of two open surfaces.)

Evaluation of Surface Integrals

An areal element dS is an ‘infinitesimally small’ element of area of a surface.
Even for closed surfaces it can be thought of as approximately plane. The
vector areal element dS is the vector n̂ dS where n̂ is the unit vector normal
to dS. For plane surfaces dS can be expressed in Cartesian coordinates x, y)
since we may choose the surface to lie in the plane z = 0.

Thus we can write dS = dxdy. (See figure below).

x

y

c

d

a b

A

C

B

D

y = F1(x)

y = F2(x)

Let the rectangle x = a, b and y = c, d circumscribe S. We will assume for
simplicity that S is convex. (If it isnt then we split S up into convex sub-
regions). Let the equation of the boundary of S be denoted by

y =

{
F1(x) upper half ADB

F2(x) lower half ACB

(N.B. we need to ensure these are single-valued functions, which they will be
if S is convex.) Then

S =

∫
S

dS =

∫ x=b

x=a

[∫ y=F1(x)

y=F2(x)

dy

]
dx

=

∫ b

a

(F1(x)− F2(x)) dx
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If f(x, y) is any function of position:∫
S

f dS =

∫ x=b

x=a

[∫ y=F1(x)

y=F2(x)

f(x, y) dy

]
dx

In some situations it may be more convenient to do the xintegration first. If
we want to do this we need to write the boundaries in terms of functions of y
instead of x. In this case let the boundary be described by

x =

{
G1(y) right half CBD

G2(y) left half CAD

Then

S =

∫
S

dS =

∫ d

y=c

[∫ x=G1(y)

x=G2(y)

dx

]
dy

=

∫ d

c

(G1(y)−G2(y)) dy

and ∫
S

f dS =

∫ y=d

y=c

[∫ G1(y)

x=G2(y)

f(x, y) dx

]
dy

Example 1.13. Find the area of the circle x2 + y2 = a2.

+
√
a2 − x2

−
√
a2 − x2

a−a

A =

∫ a

x=−a

∫ y=+
√
a2−x2

y=−
√
a2−x2

dy

dx

= 2

∫ a

−a

√
a2 − x2 dx

= 2a2
∫ π

2

π
2

cos2 u du

= · · · = πa2
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Projection of an area onto a plane

Consider first a plane area S (left hand diagram below). Suppose Σ is the
projected area in the x − y plane. Then, Σ = S cos θ, where cos θ = | n̂ · k|.
Now consider a curved surface. (Right hand diagram below).

x
y

z

θS

Σ

Σ

S k̂

n̂

θ

x
y

z

k̂

dΣ

dS

n̂

If we consider an areal element dS then this will be effectively plane, and so

dS =
dΣ

| n̂ · k̂|

Theorem 1.14: Projection

Let P denote a general point of a surface S which at no point is orthog-
onal to the direction k̂. Then∫

S

f(P ) dS =

∫
Σ

f(P )
dx dy

| n̂ · k|

where Σ is the projection of S onto the plane z = 0, n̂ normal to S.

Proof. ∫
S

f(P ) dS + lim
N→∞

max(δSr)→0

N∑
r=1

f(Pr) δSr

= lim
N→∞

max(δSr)→0

N∑
r=1

f(Pr)

[
δΣr

| n̂r · k̂|
+ εr

]

where εr → 0 as δSr → 0. (Here n̂r is the unit vector normal to S at PPr

and δΣR is the projection of δSr onto the plane z = 0. It therefore follows∫
S

f(P ) dS =

∫
Σ

f(x, y, ϕ(x, y))
dx dy

| n̂ · k̂|

=

∫
Σ

f(p)
dΣ

| n̂ · k̂|
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as required. Note that f(P ) is evaluated at P (x, y, z) on S in both integrals
as above. Alternatively, we may choose to project the surface onto x = 0 or
y = 0 to give: ∫

S

f(P ) dS =

∫
Σx

f(P )
dy dz

| n̂ · î|
=

∫
Σy

f(P )
dx dz

| n̂ · ĵ|

where Σr is the projection of S onto x = 0 and Σy is the projection of S onto
y = 0. �

Example 1.15. Evaluate Lecture 9
∫
S
F · n̂ dS where n̂ is the unit outward normal

to S, F = 18z î−12 ĵ+3y k̂ and S is the part of the plane 2x+3y+6z = 12
in the first octant (x, y, z ≥ 0).

x

y

z

3y + 6z − 12
2x+ 6z = 12

2x+ 3y = 12

Normal to the plane ∇(2x+ 3y + 6z) = 2 î+ 3 ĵ+ 6 k̂

=⇒ n̂ =
2 î+ 3 ĵ+ 6 k̂√

4 + 9 + 36
=

1

7
(2 î+ 3 ĵ+ 6 k̂)

(take the +ve square root to ensure outward normal). Then

n̂ · k̂ = 6/7 & F · n̂ =
1

7
(36z − 36 + 18y)

Project on z = 0:

� Warning. Don’t put z = 0; 6z = 12− 2x− 3y.∫
S

F · n̂dS =

∫
Σ

1

7
(36z − 36 + 18y)

dx dy

6/7

=

∫
Σ

1

6
(36− 12x) dxdy

=

∫ 6

x=0

[∫ y=(12−2x)/3

y=0

(6− 2x) dy

]
dx

=

∫ 6

0

(6− 2x)(12− 2x)/3 dx

= · · · = 24

Exercise: Try projecting onto x = 0 or y = 0
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1.7 Volume Integrals

Definition (Volume Integral). Consider a volume τ and split it up into
N subregions δτ1, δτ2, . . . , δτN . Let P1, P2, . . . , PN be typical points of
δτ1, . . . , δrN . Consider the sum

N∑
i=1

f(Pi)δri

now let N → ∞, max δri → 0. If this sum tends to a limit we call it the
volume integral of f over r and write this as∫

r

f dr

The function f may be a vector or a scalar.

Lemma 1.16. If f is a continuous function and
∫
τ∗ f ds = 0 for all subregions

τ∗ of ri, then f = 0 at every point of r.

Proof. Suppose f > 0 at P (in r). Then it follows that f > 0 within a
sufficiently small sphere τε with centre P and radius ε. Clearly then,∫

τε

f dτ > 0

But τε is a subregion of τ , and so we must have∫
τε

f dτ = 0

We therefore have a contradiction and so f cannot be > 0 at P . Similarly it
is not possible for f to be negative at P . Thus we conclude that f must be
zero at P . Since P is an arbitrary point of τ we conclude that f = 0 at all
points of τ . �

Definition (Volume Element).

dτ = dx dy dz

Example 1.17. Evaluate
∫
τ
(2x+y) dτ when τ is the volume enclosed by

the parabolic cylinder z = 4− x2 and the plane x = y = z = 0 and y = 2.

x
y

z
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I =

∫ x=2

x=0

∫ y=2

y=0

∫ z=4−x2

z=0

(2x+ y) dz dy dx

=

∫ 2

0

∫ 2

0

(2x+ y)(4− x2) dy dx

=

∫ 2

0

∫ 2

0

(8x− 2x3 + 4y − x2y) dy dx

=

∫ 2

0

[
8xy − 2x3y + 2y2 − x2y2

2

]y=2

y=0

dx

= · · · = 80/3

1.8 Green’s, Stoke’s and the Divergence Theorem

Theorem 1.18: Green (in the plane)

Suppose R is a closed plane region bounded by a simple plane closed
convex curve in the x − y plane. Let L,M be continuous functions of
x, y having continuous derivatives throughout R. Then∮

C

(Ldx+Mdy) =

∫
R

(
∂M

∂x
− ∂L

∂y

)
dx dy

where C is the boundary of R described in the counter-clockwise (posi-
tive) sense.

Proof. We draw a rectangle formed by the tangent lines x = a, b and y = e, f .
This rectangle circumscribes C. Let x = X1(y), x = X2(y) be the equations
of EAF and EBF respectively.

x

y

e

f

a b

A

E

B

F

X1(y) from F to E
Y2(x) from A to B via F

Y1(x) from A to B via E

X2(y) from E to F
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We then can write∫
R

∂M

∂x
dx dy =

∫ f

e

[∫ X2(y)

X1(y)

∂M

∂x
dx

]
dy

=

∫ f

e

M(X2(y), y)−M(X1(y), y) dy

=

∫ f

e

M(X2(y), y) dy +

∫ e

f

M(X1(y), y) dy

=

∮
C

M dy

Now, let the equations of AEB and AFB by y = Y1(x), y = Y2(x). Then∫
R

∂L

∂y
dx dy =

∫ b

a

[∫ Y2(x)

Y1(x)

∂L

∂y
dy

]
dx

=

∫ b

a

L(x, Y2(x))− L(x, Y1(x)) dx

= −
∫ b

a

L(x, Y1(x)) dx−
∫ a

b

L(x, Y2(x)) dx

= −
∮
C

L dx �

Vector forms of Green’s Theorem

(i) [2D Stokes’ Theorem] Let Lecture 10F = L î+M ĵ, and dr = dx î+ dy ĵ. Then

curlF =

(
∂M

∂x
− ∂L

∂y

)
k̂

Over the region R we can write dx dy = dS and dS = k̂ dS. Thus using
Green’s Theorem: ∮

C

F · dr =

∫
R

k̂ · curlF dS

=

∫
R

curlF · dS

This result can be generalised to three dimensions (see Stokes theorem later).

(ii) [Divergence theorem in 2D]. This time let F =M î− L ĵ Then

divF =
∂M

∂x
− ∂L

∂y

and so Green’s theorem can be rewritten as∫
R

divF dx dy =

∮
C

F1 dy − F2 dx
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Now it can be shown (exercise) that

n̂ ds = (dy î− dx ĵ)

here s is arclength along C, and n̂ is the unit normal to C. Therefore we can
rewrite Greens theorem as∫

R

divF dx dy =

∮
C

F · n̂ ds

This result also turns out to be true in three dimensions, where it is known as
the Divergence Theorem.

Example 1.19. Show that the area enclosed by a simple closed curve with
boundary C can be expressed as

1

2

∮
C

x dy − y dx

Use this result to calculate the area of an ellipse.

Green’s Theorem:∮
C

L dx+M dy =

∫
R

(
∂M

∂x
− ∂L

∂y

)
dx dy

Let L = −y, M = x, then∫
C

−y d+x dy =

∫
R

(1 + 1) dx dy = 2× area of R

=⇒ area =
1

2

∮
C

x dy − y dx

We travel around C to keep finite region to the left:

C

θ

On C: x = a cos θ, y = b sin θ (0 ≤ θ ≤ 2π). Then

x dy − y dx = (a cos θ)(b cos θ) dθ − (b sin θ)(−a sin θ) dθ
= ab(cos2 θ + sin2 θ) dθ

= abdθ

=⇒
∮
(x dy − y dx) =

1

2

∫ 2π

0

ab dθ = πab
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Extensions of Green’s Theorem in the plane

Greens theorem is true for more complicated geometries than that assumed in
the proof given above. e.g. if C is not convex, but has the shape given below

R1

R2

x

y

We can join the points A,A0 so as to form 2 (or more) simple convex closed
curves C1, C2 enclosing R1, R2 where R1 +R2 = R. Then:∮

C1

F · dr+
∮
C2

F · dr =

∫
R1

curlF · dS+

∫
R2

curlF · dS

=

∫
R

curlF · dS

Now ∮
C1

=

∫
AXA′

+

∫
A′A∮

C2

=

∫
A′Y A

+

∫
AA′

since
∫
A′A

= −
∫
AA′ we have∮

C

F · dr =

∫
R

curlF · dS

We see therefore that the theorem still holds.

Green’s Theorem in Multiply-Connected Regions

Definition. A region R is said to be simply-connected if any closed curve
drawn in R can be shrunk to a point without leaving R. For example, the
interior or exterior of a sphere are both simply-connected, but the exterior
of an infinitely long circular cylinder is not simply-connected (left hand
picture in figure 11). A region which is not simply-connected is said to be
multiply-connected.

If R is multiply-connected, Greens theorem is still true provided C is now
interpreted as the entire (outer and inner) boundary, with C described so that
the region R is always on the left (right hand picture below).

For example if we have a doubly-connected region, we describe the outer
boundary C0 in an anti-clockwise fashion and the inner boundary C1 clock-
wise. We can then join the point A on C0 to the point B on C1 by the line
AB. This line then divides R in such a way that it is a simply connected
region bounded by the closed curve C0 +AB + C1 +BA.
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or C1

AB

C0

Then by Green’s theorem:∫
R

curlF · dS =

(∮
C0

+

∫ B

A

+

∮
C1

+

∫ A

B

)
(F · dr)

and therefore it follows that∫
R

curlF · dS =

∮
C

F · dr

Definition (Flux). If S is a surface then the flux∫
S

A · dS

(where dS = k̂ ds) If S is a closed surface then, by convention, we always
draw the unit normal n out b of S.

Theorem 1.20: Divergence

If τ is the volume enclosed by a closed surface S and A is a vector field
with continuous derivatives throughout τ , then:∫

S

A · dS =

∫
τ

divA dτ

Proof. We will assume that S is convex and that τ is simply connected, with
no interior boundaries.

x
y

z

S1

S2

Σ

n̂

Let A = (A1, A2, A3) and n̂ = (l,m, n). (N.B. | n̂| ̸= n)
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We have to prove that∫
S

(lA1 +mA2 + nA3)︸ ︷︷ ︸
A· n̂

dS =

∫
τ

(
∂A1

∂x
+
∂A2

∂y
+
∂A3

∂z

)
dx dy dz

Project S onto the plane z = 0. The cylinder with normal cross-section Σ and
generators parallel to the zaxis circumscribes S and it touches S along the
curve C which divides S into two open surfaces, S1 (upper) and S2 (lower).
Both S1 and S2 have projection Σ in the plane z = 0. Suppose the equations
of S1 and S2 are z = f1(x, y) and z = f2(x, y) respectively. Then:∫

τ

∂A3

∂z
dx dy dz =

∫
τ

∂A3

∂z
dz dx dy

=

∫
Σ

A3(x, y, f2(x, y))−A3(x, y, f1(x, y)) dx dy

Now using the projection theorem Lecture 11∫
S1

nA3 dS =

∫
Σ

nA3(x, y, f1(x, y))
dx dy

| n̂ · k̂|

=

∫
Σ

A3(x, y, f1(x, y) dx dy

as | n̂ · k̂| = |n| = n since n > 0 on f1.

Similarly ∫
S2

nA3 dS =

∫
Σ

(nA3(x, y, f2(x, y))
dx dy

| n̂ · k̂|

= −
∫
Σ

A3(x, y, f2(x, y)) dx dy

as | n̂ · k̂| = |n| = −n since n < 0 on f2.

Thus ∫
S

nA3 dS =

∫
Σ

[A3(x, y, f1(x, y))−A3(x, y, f2(x, y)] dx dy

and therefore ∫
τ

∂A3

∂z
dτ =

∫
S

nA3 dS

Similarly, by projecting onto the planes x = 0 and y = 0:∫
τ

∂A1

∂x
dτ =

∫
S

lA1 dS

and ∫
τ

∂A2

∂y
dτ =

∫
S

mA2 dS

and hence ∫
S

A · dS =

∫
τ

divA dτ

as required. �
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Note that the surface S need not necessarily be smooth - it could be, for ex-
ample, a cube or a tetrahedron.

Example 1.21. Evaluate
∫
S
A · dS if A = 2x2y î− y2 ĵ+4xz2 k̂ and S is

the surface of the region in the first octant bounded by y2+ z2 = 9, x = 2
and x = y = z = 0.

x
y

z
y2 + z2 = 9

By the Divergence Theorem∫
V

divA dV =

∫
V

(4xy − 3y + 8xz) dV

=

∫ 2

x=0

∫ 3

y=0

∫ √9−y2

z=0

((4xy − 3y + 8xz)) dz dy dx

=

∫ 2

0

∫ 3

0

[
4xyz − 2yz + 8xz2/2

]z=√9−y2

z=0
dy dx

Swapping integration order as integrating x first is easier:

=

∫ 3

0

∫ 2

0

4xy(
√
9− y2)− 2y

√
9− y2 + 4x(9− y2) dx dy

=

∫ 3

0

[
2x2y

√
9− y2 − 2xy

√
9− y2 + 2x2(9− y2)

]x=2

x=0
dy

=

∫ 3

0

4y
√
9− y2 + 8(9− y2) dy

= · · · = 180

Divergence Theorem in more complicated geometries

(i) Non-convex surfaces

A non-convex surface S can be divided by surface(s) into two (or more) parts
S1 and S2 which, together with , form convex surfaces S1 + σ, S2 + σ:

τ1
τ2

n̂

n̂S1

S2

σ

n̂

We can then apply the divergence theorem to S1 + σ, S2 + σ with τ1, τ2 being
the respective enclosed volumes, where τ1 + τ2 = τ . On adding the results,
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the surface integrals over σ cancel out, and since S = S1 + S2 we have∫
S

A · dS =

∫
τ

divA dr

as before.

(ii) A region with internal boundaries

(a) Simply-connected regions

For example this could be the space between concentric spheres.

Π

τ1

τ2
S

(2)
0

S
(1)
0

n̂

n̂

Suppose we have an interior surface Si and outer surface So. Draw a plane Π

that cuts both So and Si. This divides So into two open surfaces S
(1)
0 , S

(2)
o .

Si is similarly divided into S
(1)
i , S

(2)
i . We then apply the divergence theorem

to the volume τ1 which is bounded by the closed surface S
(1)
o + S

(1)
i +Π, and

we then apply the divergence theorem to the volume τ2 which is bounded by

S
(2)
o + S

(2)
i + Π. We add these results together. The contributions over Π

cancel, leaving the result:∫
S0+S1

A · dS =

∫
S

A · dS =

∫
τ1+τ2

divA dτ =

∫
τ

divA dτ

with the normal to Si drawn inwards, i.e. out of τ .

(b) Multiply-connected regions

For example this could be the region between two cylinders.

Si

S0

Πn̂

n̂

Again let So and Si be the outer and inner surfaces, linked by the plane Π.
Label the two sides of the plane 1 and 2. Consider the surface

Si + side 1 of Π + Si + side 2 of Π
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This is closed and encloses a simply-connected region τ . We then apply the
divergence theorem to τ . The contributions along the two sides of Π cancel,
giving ∫

S0+S1

A · dS =

∫
τ

divA dτ

Green’s identities in 3D

Let ϕ and ψ Lecture 12be two scalar fields with continuous second derivatives. Consider
the quantity

A = ϕ∇ψ
It follows that

divA = ϕ∇2ψ + (∇ϕ) · (∇ψ)
n̂ ·A = ψ∂ψ/∂n

Applying the divergence theorem we obtain∫
S

[
ϕ
∂ψ

∂n

]
dS =

∫
τ

[ϕ∇2ψ + (∇ϕ) · (∇ψ)] dτ (1)

which is known as Green’s first identity. Interchanging ϕ and ψ we have∫
S

[
ψ
∂ϕ

∂n

]
dS =

∫
τ

[ψ∇2ϕ+ (∇ψ) · (∇ϕ)] dτ (2)

Subtracting (2) from (1) we obtain∫
S

[
ϕ
∂ψ

∂n
− ψ∂ϕ

∂n

]
dS =

∫
τ

(ϕ∇2ψ − ψ∇2ϕ) dτ

which is known as Green’s second identity. We will use these identities when
we analyse the 3D Laplace’s equation in the final section of the course.

Green’s identities in 2D

If we use the divergence theorem in 2D derived in the first section of the notes:∫
S

divF dx dy =

∮
C

F · n̂ ds

then we can calculate down the corresponding Green identities. These are∮
C

ϕ
∂ψ

∂n
ds =

∫
R

ϕ∇2ψ + (∇ϕ) · (∇ψ)] dx dy

and ∮
C

[
ϕ
∂ψ

∂n
− ψ∂ϕ

∂n

]
ds =

∫
τ

(ϕ∇2ψ − ψ∇2ϕ) dx dy

These formulae, (which are the generalisation of integration by parts to two
dimensions), will prove useful when considering the 2D version of Laplaces
equation later.
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Theorem 1.22: Gauss’ Flux

Let S be a closed surface with outward unit normal n̂, and let O be the
origin of the coordinate system. Then∫

S

n̂ · r
r3

dS =

{
0 if O is exterior to S

4π if O is interior to S

Proof. Suppose O is exterior to S. Then:∫
S

n̂ · r
r2

dS =

∫
τ

div(r/r3) dτ

using the divergence theorem. But

div (r/r3) =
1

r3
div r+ r · ∇(1/r3)

= 3/r3 − r · (3r/r5) = 0

Hence we have that ∫
S

n̂ · r
r2

dS = 0

as required.

Now suppose O is interior to S:

Sε

S

n̂O

r̂ ε

n̂

We can’t apply the divergence theorem directly as before, because div(r/r3) is
undefined at the origin (r = 0). So we surround O with a small sphere radius
ε with surface Sε lying entirely within S. We apply the divergence theorem
to the region between S and Sε. Then, as above∫

τ

div(r/r3) dτ =

∫
S+Sε

n̂ · r
r3

dS =

∫
S

r

r3
· n̂ dS +

∫
Sε

r

r3
· (̂− r̂) dS = 0

(since n̂ = − r̂ on Sε; the normal always points out of the shaded region.)

However on Sε : r = ε∫
Sε

r̂ · r
r3

dS =

∫
Sε

1

r2
dS =

1

ε2

∫
Sε

dS =
1

ε2
· 4πε2 = 4π

Thus it follows that ∫
S

n̂ · r
r3

dS = 4π �
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Theorem 1.23: Stokes

Suppose S is an open surface with a simple closed curve γ forming its
boundary, and let A be a vector field with continuous partial derivatives.
Then ∮

γ

A · dr =

∫
S

curlA · dS

where the direction of the unit normal to S and the sense of γ are related
by a right-hand rule (i.e. n̂ is in the direction a right-handed screw moves
when turned in the direction of γ).

Proof. Let A = A1 î+A2 ĵ+A3 k̂. Consider

curl(A1 î) =

∣∣∣∣∣∣
î ĵ k̂
∂x ∂y ∂z
A1 0 0

∣∣∣∣∣∣ = ĵ
∂A1

∂z
− k̂

∂A1

∂y

Then we have∫
S

[curl(A1 î)] · dS =

∫
S

( n̂ · curl(A1 î) dS

=

∫
S

∂A1

∂z
( ĵ · n̂)− ∂A1

∂y
( k̂ · n̂) dS

If we now project onto the x − y plane, S becomes Σ say, and γ becomes C
(figure 16):

x
y

z
S

Σ

n̂

γ

C

Let the equation of S be z = f(x, y). Then we have

n̂ =
∇(z − f(x, y))
|∇(z − f(x, y)|

=
−∂f/∂x î− ∂f/∂y ĵ+ k̂

((∂f/∂x)2 + (∂f/∂y)2 + 1)1/2

Therefore on S:

ĵ · n̂ = −∂f
∂y

( k̂ · n̂) = −∂z
∂y

( k̂ · n̂)

Thus∫
S

[curl(A1 î)] · dS =

∫
S

(
− ∂A1

∂y

∣∣∣∣
z,x

− ∂A1

∂z

∣∣∣∣
y,x

− ∂z

∂y

∣∣∣∣
x

)
( k̂ · n̂) dS
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Using the transformation rule for partial derivatives

= −
∫
S

∂

∂y

∣∣∣∣
x

A1(x, y, s)( k̂ · n̂) dS

Then by the projection theorem:

= −
∫
Σ

∂

∂y
A1(x, y, f) dx dy

=

∮
C

A1(x, y, f(x, y))

with the last line following by using Green’s theorem. However on γ we have
z = f and ∮

C

A1(x, y, f) dx =

∮
γ

A1(x, y, z) dx

We have therefore established that∫
S

(curlA1 î) · dS =

∮
γ

A1 dx

In a similar way we can show that∫
S

(curlA2 ĵ) · dS =

∮
γ

A2 dy

and ∫
S

(curlA3 k̂) · dS =

∮
γ

A3 dz

and so the theorem is proved by adding all three results together. �

Note that although S must be open, it is not necessarily smooth. For example
it could be in the shape of a box without a lid. The Lecture 13theorem is true for any
open surface with boundary γ, since if S1 and S2 are two such surfaces then
S1 + S2 is closed, i.e.

We can then apply the divergence theorem to curl A over the region between
S1 and S2, and this gives (since div(curlA) ≡ 0)∫

S1

curlA · dS−
∫
S2

curlA · dS = 0
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Theorem 1.24

A necessary and sufficient condition that
∮
γ
A · dr = 0 for any closed

curve γ is that curlA = 0 throughout the region in which γ is drawn.

Proof. We already know that if
∮
γ
A · dr = 0 then there exists a potential

ϕ such that A = ∇ϕ. Therefore we see that curlA = 0 since the curl of a
gradient is always zero.

Conversely, if curlA = 0 then by Stokes’ theorem, we have
∮
γ
A · dr = 0 for

any closed curve γ. �

Example 1.25. Verify Stokes theorem for the vector field A = (y, z, x)
and the surface S given by z = 1− x2 − y2 with z ≥ 0.

A = y î+ z ĵ+ x k̂

=⇒ curlA =

∣∣∣∣∣∣
î ĵ k̂
∂x ∂y ∂z
y z x

∣∣∣∣∣∣
= − î− ĵ− k̂

x
y

z

S

n̂

γ

By the right hand rule, if n̂ points to increasing z, we need to move
anti-clockwise around γ as viewed from above.

Path integral:

On γ : z = dz = 0 and so dr = dx î+ dy ĵ =⇒ A · dr = y dx+���z dy, so∮
γ

A · dr =

∫
y dx

on γ let x = cos θ, y = sin θ (0 ≤ θ ≤ 2π), so

= −
∫ 2π

0

sin2 θ dθ

= −π

Surface integral:
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We need ∫
S

(curlA) · n̂ dS

where S is the curved surface of a paraboloid.

n̂ = ∇(z − (1− x2 − y2))/|∇( )|

= (2x î+ 2y ĵ+ k̂)/
√

(4x2 + 4y2 + 1)

[Choosing +ve square root so that n̂ points towards increasing z]∫
S

(curlA) · n̂ dS = −
∫
S

2x+ 2y + 1√
(4x2 + 4y2 + 1)

dS

Now we use the projection theorem to project onto z = 0

= −
∫
Σ

2x+ 2y + 1√
(stuff)

dx dy

| n̂ · k̂|

Since | n̂ · k̂| = 1/
√
(stuff), we get

= −
∫
x2+y2≤1

(2x+ 2y + 1) dx dy

Let x = r cos θ, y = r sin θ for (0 ≤ θ ≤ 2π) and (0 ≤ r ≤ 1). As
dx dy = r dr dθ (see later), we have

= −
∫ 2π

θ=0

∫ 1

r=0

(2r cos θ + 2r sin θ + 2)r dr dθ

= −π

1.9 Curvilinear coordinates

Often it is more convenient, depending on the geometry of the problem under
considera- tion, to use coordinates other than Cartesians. An example is cylin-
drical polar coordinates (r, θ, z) which are related to Cartesian coordinates by

x = r cos θ, y = r sin θ, z = (0 ≤ θ ≤ 2π, 0 ≤ r <∞)

from which we can deduce that

r2 = x2 + y2, tan θ = y/x

The equation r = constant therefore defines a family of circular cylinders with
axes along the z-axis, while the equation θ = constant defines a family of
planes, as does the equation z = constant (picture below).

Cylindrical polar coordinates are an example of curvilinear coordinates. The
unit vectors r̂, θ̂, k̂ at any point P are perpendicular to the surfaces r =
constant, θ = constant, z = constant through P in the directions of increasing
r, θ, z. Note that the direction of the unit vectors r̂, θ̂ vary from point to
point, unlike the corresponding Cartesian unit vectors.
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x

y

z

r = r1 surface

z = z1 plane

φ = φ1 plane

P1(r1, φ1, z1)

r̂

φ̂
k̂

φ1

r1

z1

More generally a curvilinear coordinate system is defined in the following way.
Suppose that (x, y, z) are expressible as single-valued functions of the variables
(u1, u2, u3). Suppose also that (u1, u2, u3) can be expressed as single-valued
functions of (x, y, z). Then the equations u1 = constant, u2 = constant,
u3 = constant define three families of surfaces, and (u1, u2, u3) is said to be a
curvilinear coordinate system.

ê3

ê2

ê1 P

u1 = u1(P )

u3 = u3(P )

u2 = u2(P )

r(Q) r(P )

O

P
Q

êi

Through each point P (x, y, z) there passes one member of each family. Let
( â1, â2, â3) be unit vectors at P in the directions normal to u1 = u1(P ), u2 =
u2(P ), u3 = u3(P ) respectively, such that u1, u2, u3 increase in the directions
â1, â2, â3. Clearly we must have

âi = ∇(ui)/|∇ui|

If ( â1, â2, â3) are mutually orthogonal, the coordinate system is said to be
an orthogonal curvilinear coordinate system.

The surfaces u2 = u2(P ) and u3 = u3(P ) intersect in a curve, along which
only u1 varies. Let ê1 be the unit vector tangential to the curve at P. Let
ê2, ê3 be unit vectors tangential to curves along which only u2, u3 vary. For
an orthogonal system we must have êi = âi (left diagram above). Let Q
be a neighbouring point to P on the curve along which only ui varies (right
diagram above).
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We have

∂r

∂ui
= lim

P→Q

(r(Q)− r(P ))

δui

= lim
P→Q

(r(Q)− r(P ))

PQ
· lim
P→Q

(
PQ

δui

)

= lim
Q→P

P⃗Q

PQ
· lim
P→Q

(
PQ

δui

)
= êi · hi

where we have defined hi = |∂r/∂ui|. The quantities hi are often known as
the length scales for the coordinate system.

Definition (Line Element). Since r = r(u1, u2, u3), the line element Lecture 14dr is
given by

dr =
∂r

∂u1
du1 +

∂r

∂u2
du2 +

∂r

∂u3
du3

= h1 du1 ê1 + h2 du2 ê2 + h3 du3 ê3

If the system is orthogonal, then it follows that

(ds)2 = (dr) · (dr) = h21(du1)
2 + h22(du2)

2 + h23(du3)
2

In what follows we will assume we have an orthogonal system so that

êi = âi =
∂r/∂ui
|∂r/∂ui|

= ∇ui/|∇ui| for i = 1, 2, 3

In particular, line elements along curves of intersection of ui surfaces have
lengths h1 du1, h2 du2, h3 du3 respectively.

Definition (Volume Element). Since the volume element is approximately
rectangular (figure 20) we can take

dτ = (h1 du1)(h2 du2)(h3 du3)

= h1h2h3 du1 du2 du3
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Line and volume elements in various orthogonal coordinate
systems

(i) Cartesian Co-ordinates (x, y, z)

dτ = dxdy dz

dr = dx î+ dy ĵ+ dz k̂

(ds)2 = (dr) · (dr) = (dx)2 + (dy)2 + (dz)2

(ii) Cylindrical polar co-ordinates (r, ϕ, z) The co-ordinates are related
to Cartesian by

x = r cosϕ, y = r sinϕ, z = z

We have that (ds)2 = (dx)2 + (dy)2 + (dz)2, but we can write

dx =

(
∂x

∂r

)
dr +

(
∂x

∂ϕ

)
dϕ+

(
∂x

∂z

)
dz

= (cosϕ) dr − (r sinϕ) dϕ

and

dy =

(
∂y

∂r

)
dr +

(
∂y

∂ϕ

)
dϕ+

(
∂y

∂z

)
dz

= (sinϕ) dr + (r cosϕ) dϕ

Therefore we have

(ds)2 = (dx)2 + (dy)2 + (dz)2

= · · · = (dr)2 + r2(dϕ)2 + (dz)2

Thus we see that for this coordinate system, the length scales are

h1 = 1, h2 = r, h3 = 1

and the element of volume is

dτ = r dr dϕ dz

(iii) Spherical Polar coordinates (r, θ, ϕ) In this case the relationship
between the coordinates is

x = r sin θ cosϕ; y = r sin θ sinϕ; z = r cos θ
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Again, we have that (ds)2 = (dx)2 + (dy)2 + (dz)2 and we know that

dx =
∂x

∂r
dr +

∂x

∂ϕ
dϕ+

∂x

∂θ
dθ

= (sin θ cosϕ) dr + (−r sin θ sinϕ) dϕ+ r cos θ cosϕdθ

and

dy =
∂y

∂r
dr +

∂y

∂ϕ
dϕ+

∂y

∂θ
dθ

= sin θ sinϕdr + r sin θ cosϕ dϕ+ r cos θ sinϕ dθ

together with

dz =
∂z

∂r
dr +

∂z

∂ϕ
dϕ+

∂z

∂θ
dθ

= (cos θ) dr − (r sin θ) dθ

Therefore in this case, we have (after some work)

(ds)2 = (dx)2 + (dy)2 + (dz)2

= · · · = (dr)2 + r2(dθ)2 + r2 sin2 θ(dϕ)2

Thus the length scales are

h1 = 1, h2 = r, h3 = r sin θ

and the volume element is

dτ = r2 sin θ dr dθ dϕ
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Example 1.26. Find the volume and surface area of a sphere of radius
a, and also find the surface area of a cap of the sphere that subtends on
angle α at the centre of the sphere.

dτ = r2 sin θ dr dθ dϕ

and an element of surface of a sphere of radius a is (by removing h1 du1 =
dr):

dS = a2 sin θ dθ dϕ

∴ total volume is∫
τ

dτ =

∫ 2π

ϕ=0

∫ π

θ=0

∫ a

r=0

r2 sin θ dr dθ dϕ

= 2π[− cos θ]π0

∫ a

0

r2 dr

= 4πa3/3 //

Surface area is ∫
S

dS =

∫ 2π

ϕ=0

∫ π

θ=0

a2 sin θ dθ dϕ

= 2πa2[− cos θ]π0

= 4πa2 //

Surface area of cap is∫ 2π

ϕ=0

∫ α

θ=0

a2 sin θ dθ dϕ = 2πa2[− cos θ]α0

= 2πa2(1− cosα)

Gradient in orthogonal curvilinear coordinates

Let Lecture 15

∇Φ = λ1 ê1 + λ2 ê2 + λ3 ê3

in a general coordinate system, where λ1, λ2, λ3 are to be found. Recall that
the element of length is given by

dr = h2 du1 ê1 + h2 du2 ê2 + h3 du3 ê3

Now

dΦ =
∂Φ

∂u1
du1 +

∂Φ

∂u2
du2 +

∂Φ

∂u3
du3

=
∂Φ

∂x
dx+

∂Φ

∂u2
dy +

∂Φ

∂z
dz

= (∇Φ) · dr

But, using our expressions for ∇Φ and dr above:

(∇ϕ) · dr = λ1h1 du1 + λ2h2 du2 + λ3h3 du3
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and so we see that

hiλi =
∂Φ

∂ui
(i = 1, 2, 3)

Thus we have the result that

∇Φ =
ê1
h1

∂Φ

∂u1
+

ê2
h2

∂Φ

∂u2
+

ê3
h3

∂Φ

∂u3

This result now allows us to write down ∇ easily for other coordinate systems.

(i) Cylindrical polars (r, ϕ, z) Recall that h1 = 1, h2 = r, h3 = 1. Thus

∇ = r̂
∂

∂r
+

ϕ̂

r

∂

∂ϕ
+ ẑ

∂

∂z

(ii) Spherical Polars (r, θ, ϕ) We have h1 = 1, h2 = r, h3 = r sin θ, and so

∇ = r̂
∂

∂r
+

θ̂

r

∂

∂θ
+

ϕ̂

r sin θ

∂

∂ϕ

Expressions for unit vectors

From the expression for ∇ we have just derived, it is easy to see that

êi = hi∇ui

Alternatively, since the unit vectors are orthogonal, if we know two unit vectors
we can find the third from the relation

ê1 = ê2 × ê3 = h2h3(∇u2 ×∇u3)

and similarly for the other components, by permuting in a cyclic fashion.

Divergence in orthogonal curvilinear coordinates

Suppose we have a vector field

A = A1 ê1 +A2 ê2 +A3 ê3

First consider

∇ · (A1 ê3) = ∇ · [A1h2h3(∇u2 ×∇u3)]

= A1h2h3∇ · (∇u2 ×∇u3) +∇(A1h2h3) ·
ê1
h2h3

using the results established just above. Also we know that

∇ · (B×C) = C · curlB−B · curlC

and so it follows that

∇ · (∇u2 ×∇u3) = (∇u3) · curl(∇u2)− (∇u2) · curl(∇u3) = 0

since the curl of a gradient is always zero. Thus we are left with

∇ · (A1 ê1) = ∇(A1h2h3) ·
ê1
h2h3

=
1

h1h2h3

∂

∂u1
(A1h2h3)
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We can proceed in a similar fashion for the other components, and establish
that

∇ ·A =
1

h1h2h3

[
∂

∂u1
(h2h3A1) +

∂

∂u2
(h3h1A2) +

∂

∂u3
(h1h2A3)

]
It is now easy to write down div in other coordinate systems.

(i) Cylindrical polars (r, ϕ, z)

Recall that h1 = 1, h2 = r, h3 = 1. Thus using the above formula:

∇ ·A =
1

r

[
∂

∂r
(rA1) +

∂

∂ϕ
(A2) +

∂

∂z
(rA3)

]

=
∂A1

∂r
+
A1

r
+

1

r

∂A2

∂ϕ
+
∂A3

∂z

(ii) Spherical polars (r, θ, ϕ)

We have h1 = 1, h2 = r, h3 = r sin θ. Hence

∇ ·A =
1

r2 sin θ

[
∂

∂r
(r2 sin θA1) +

∂

∂θ
(r sin θA2) +

∂

∂ϕ
(rA3)

]

Curl in orthogonal curvilinear coordinates

Again, just consider the curl of the first component of A:

∇× (A1 ê1) = ∇× (A1h1∇u1)

= A1h2∇× (∇u1) +∇(A1h1)×∇u1

= 0 +∇(A1h1)×∇u1

=

[
ê1
h1

∂

∂u1
(A1h1) +

ê2
h2

∂

∂u2
(A1h1) +

ê3
h3

∂

∂u3
(A1h1)

]
× ê1
h1

=
ê2
h1h2

∂

∂u3
(h1A1)−

ê3
h1h2

∂

∂u2
(h1A1)

(since ê1 × ê1 = 0, ê2 × ê1 = − ê3, ê3 × ê1 = ê2).

We can obviously find curl(A2 ê2) and curl(A3 ê3) in a similar way. These can
be shown to be

∇× (A2 ê2) =
ê3
h2h1

∂

∂u1
(h2A2)−

ê1
h2h3

∂

∂u3
(h2A2)

∇× (A3 ê3) =
ê1
h3h2

∂

∂u2
(h3A3)−

ê2
h3h1

∂

∂u1
(h3A3)

Adding these three contributions together, we find we can write this in the
form of a determinant as

curlA =
1

h1h2h3

∣∣∣∣∣∣
h1 ê1 h2 ê2 h3 ê3
∂u1 ∂u2 ∂u3

h1A1 h2A2 h3A3

∣∣∣∣∣∣
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in which form it is probably easiest remembered. It’s then straightforward to
write down curl in various orthogonal coordinate systems.

(i) Cylindrical polars

curlA =
1

r

∣∣∣∣∣∣
r̂ r ϕ̂ ẑ
∂r ∂ϕ ∂z
A1 rA2 A3

∣∣∣∣∣∣
(ii) Spherical polars

curlA =
1

r2 sin θ

∣∣∣∣∣∣
r̂ r θ̂ r sin θ ϕ̂
∂r ∂θ ∂ϕ
A1 rA2 r sin θA3

∣∣∣∣∣∣
Alternative definitions for grad, div, curl

Let τ be a region enclosed by a surface S and let P be a general point of τ .
We established earlier that ∫

τ

∇ϕ dτ =

∫
S

n̂ϕ dS

(Problem Sheet 3) It follows that∫
τ

î · ∇ϕ dτ =

∫
S

( î · n̂)ϕ dS

Now the LHS above can be written as τ{ î · ∇ϕ}, where the bar denotes the
mean value of this quantity over τ . Since we are assuming that ϕ has contin-
uous derivates throughout τ , we can write

{ î · ∇ϕ} = { î · ∇ϕ}Q

for some point Q of τ . Thus we have that

{ î · ∇ϕ}Q =
1

τ

∫
S

( î · n̂)ϕ dS

Now let τ → 0 about P . Then P → Q and we have that at any point P of τ :

î · ∇ϕ = lim
τ→0

1

τ

∫
S

( î · n̂)ϕ dS

Similar results can be established for ĵ ·∇ϕ and k̂ ·∇ϕ. Taken together, these
imply that

∇ϕ = lim
τ→0

1

τ

∫
S

n̂ϕ dS

This can be regarded an an alternative way of definining ∇ϕ, rather than
defining it as (∂ϕ/∂x) î + (∂ϕ/∂u) ĵ + (∂ϕ/∂z) k̂. We can similarly establish
that

divA = lim
τ→0

1

τ

∫
S

( n̂ ·A) dS

curlA = lim
τ→0

1

τ

∫
S

( n̂×A) dS
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which are alternative definitions of the divergence and curl, and are clearly
independent of the choice of coordinates, which is one of the advantages of
this approach. In particular we can see that the divergence is a measure of
the flux of a quantity.

Equivalence of definitions

Lets show that the definition of divergence given here is consistent with the
curvilinear formula given earlier. Consider δτ to be the volume of a curvilinear
volume element located at the point P , with edges of length h1δu1, h2δu2, h3δu3,
and unit vectors aligned as shown in the picture:

The volume of the element δτ ≈ h1h2h δu1δu2δu3. We start with our defini-
tion

divA = lim
τ→0

1

τ

∫
S

( n̂ ·A) dS

and aim to compute explicitly the right-hand-side. This involves calculating
the contributions to

∫
S
arising from the six faces of the volume element. If we

start with the contribution from the face PP ′S′S, this is

−(A1h2h3)P δu2δu3 + higher order terms

The contribution from the face QQ′R′R is

(A1h2h3)Qδu3δu3 + h.o.t =

[
(A1h2h3) +

∂

∂u1
(A1h2h3)δu1

]
P

δu2δu3 + h.o.t

using a Taylor series expansion. Adding together the contributions from these
two faces, we get [

∂

∂u1
(A1h2h3)

]
P

δu1δu2δu3 + h.o.t.

Similarly the sum of the contributions from the faces PSRQ, P ′S′R′Q′ is[
∂

∂u3
(A3h1h2)

]
P

δu1δu2δu3 + h.o.t.

while the combined contributions from PQQ′P ′, SRR′S′ is[
∂

∂u2
(A2h3h1)

]
P

δu1δu2δu3 + h.o.t.
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If we then let δτ → 0, we have that

lim
δτ→0

1

δτ

∫
S

n̂·A dS =
1

h1h2h3

[
∂

∂u1
(A1h2h3) +

∂

∂u2
(A2h3h1) +

∂

∂u3
(A3h1h2)

]
and so we can see that the integral expression for div A is consistent with the
formula in curvilinear coordinates derived earlier.

The Laplacian in orthogonal curvilinear coordinates

From the formulae already established for grad and div, we can see that

∇2Φ = ∇ · (∇Φ)

=
1

h1h2h3

[
∂

∂u1
(h2h3

1

h1

∂Φ

∂u1
) +

∂

∂u2
(h3h1

1

h2

∂Φ

∂u2
) +

∂

∂u3
(h1h2

1

h3

∂Φ

∂u3
)

]
The formula can then be used to calculate the Laplacian for various coordinate
systems.

(i) Cylindrical polars (r, ϕ, z)

∇2Φ =
1

r

[
∂

∂r

(
r
∂Φ

∂r

)
+

∂

∂ϕ

(
1

r

∂Φ

∂ϕ

)
+

∂

∂z

(
r
∂Φ

∂z

)]

=
∂2Φ

∂r2
+

1

r

∂Φ

∂r
+

1

r2
∂2Φ

∂ϕ2
+
∂2Φ

∂z2

(ii) Spherical polars (r, θ, ϕ)

∇2Φ =
1

r2 sin θ

[
∂

∂r

(
r2 sin θ

∂Φ

∂r

)
+

∂

∂θ

(
sin θ

∂Φ

∂θ

)
+

∂

∂ϕ

(
1

sin θ

∂Φ

∂ϕ

)]

=
∂2Φ

∂r2
+

2

r

∂Φ

∂r
+

cot θ

r2
∂Φ

∂θ
+

1

r2
∂2Φ

∂θ2
+

1

r2 sin2 θ

∂2Φ

∂ϕ2

1.10 Change of variable in surface integration

Suppose we have a surface S which is parameterised by the quantities u1, u2.
We can therefore write that on S:

x = x(u1, u2), y = y(u1, u2), z = z(u1, u2)

[For example, if S is the surface of a sphere of unit radius, we have x =
sin θ cosϕ, y = sin θ sinϕ, z = cos θ and so we can take u1 = θ, u2 = ϕ.]

We can consider the surface to be comprised of arbitrarily small parallelograms
whose sides are obtained by keeping either u2 or u2 constant:
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i.e.
dS = Area of parallelogram with sides

∂r

∂u1
du1 and

∂r

∂u2
du2

= |J| du1 du2

Definition (Jacobian). The Jacobian, J, is given by

J =
∂r

∂u1
× ∂r

∂u2

This result is particularly useful when using a substitution in a surface integral,
as we can write ∫

S

f(x, y, z) dS =

∫
S

F (u1, u2)|J| du1 du2

where F (u1, u2) = f(x(u1, u2), y(u1, u2), z(u1, u2)).

If S is a region R in the x− y plane (i.e. z = 0 on R), the result reduces to∫
R

f(x, y) dxdy =

∫
R

F (u1, u2)|J | du1 du2

where J is now a scalar given by

J =

∣∣∣∣∂x/∂u1 ∂y/∂u1
∂x/∂u2 ∂y/∂u2

∣∣∣∣
Note that since dx dy = |J | du1 du2, it follows that du1 du2 = (1/|J |) dxdy,
and hence

|1/J | =

∣∣∣∣∣
∣∣∣∣∂u1/∂x ∂u2/∂x
∂u1/∂y ∂u2/∂y

∣∣∣∣
∣∣∣∣∣

which is a useful result. These formulae apply for both orthogonal and non-
orthogonal transformations.

Example 1.27. Evaluate Lecture 16the integral
∫
S

√
1 + x2 + y2 dS, where S is

the surface of the helicoid (see picture below):

x = u cos v, y = u sin v, ; z = v

with 0 ≤ u ≤ 4 and 0 ≤ v ≤ 4π.
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We need to find

J =
∂r

∂u
× ∂r

∂v

=

∣∣∣∣∣∣
î ĵ k̂

∂x/∂u ∂y/∂u ∂z/∂u
∂x/∂v ∂y/∂v ∂z/∂v

∣∣∣∣∣∣
=

∣∣∣∣∣∣
î ĵ k̂

cos v sin v 0
−u sin v u cos v 1

∣∣∣∣∣∣
= (sin v) î− (cos v) ĵ+ (u cos2 v + u sin2 v)︸ ︷︷ ︸

u

k̂

Therefore
|J| =

√
sin2 v + cos2 v + u2 =

√
1 + u2

Also √
1 + x2 + y2 =

√
1 + u2 cos2 v + u2 sin2 v =

√
1 + u2

=⇒
∫
S

√
1 + x2 + y2 dS =

∫
S

√
1 + u2|J| dudv

=

∫ 4π

v=0

∫ 4

u=0

(1 + u2) dudv

= 4π

[
u+

u3

3

]4
0

= 4π

(
4 +

64

3

)
=

304π

3
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2 Fourier Series

We will start off with some motivation for our study. Consider a thin metal
bar of length 1 which is maintained at zero temperature at the ends x = 0
and x = 1. At time t = 0 the temperature T (x) of the bar is measured -
suppose the temperature distribution is f(x). We wish to find the subsequent
temperature of the bar, i.e. find T (x, t) for t > 0 and 0 < x < 1. It can be
shown that the temperature satisfies the heat conduction equation

∂T

∂t
= κ

∂2T

∂x2

(We will study this partial differential equation in the final part of the course).
The constant κ is related to the properties of the bar. Lets consider the bound-
ary and initial conditions that need to be applied. Since the heat equation
is second order in space and first order in time we would expect to need two
space (boundary) conditions and one time (initial) condition. As mentioned
above, the temperature is fixed at the ends x = 0 and x = 1 so this means

T (0, t) = T (1, t) = 0

The initial condition imposes the initial shape of the temperature distribution,
so we have

T (x, 0) = f(x) (0 ≤ x ≤ 1)

with f(x) known. A possible solution to this problem that satisfies both the
equation and the two boundary conditions is

Tn = bn sin(nπx) e
−xn2π2t

where bn is a constant and n is any integer. (You should check that the form
for Tn given here satisfies the heat conduction equation). Each individual Tn
is known as a mode. Since the heat equation is linear we can take a linear
combination of these solutions to form a ‘general’ solution

T (x, t) =

∞∑
n=1

bn sin(nπx) e
−xn2π2t

where we have assumed that the form of the bns is such that the infinite series
converges. This solution has to be consistent with the initial temperature
distribution we imposed, and so applying the initial condition:

f(x)
?
=

∞∑
n=1

bn sin(nπx) (0 ≤ x ≤ 1) (1)

We conclude that ‘any’ function f(x) can be written as a superposition of
trigonometric oscillations (in this case just sine waves) of appropriate ampli-
tudes (the bn) and frequencies n. The right hand side above is known as
the Fourier series of f(x) (in this case we actually have what is known as a
‘half-range’ series - we will come back to this later).

The main problem with (1) is it is by no means obvious how we obtain the so-
called Fourier coefficients bn for a given shape function f(x), i.e. can we make

bn the subject of the expression (1)? The answer is yes, and in a surprisingly
simple way, but first of all we need to introduce some ideas and definitions
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2.1 Orthonormal Systems

Definition. A sequence of integrable function {ϕi}∞i=1 on an interval [a, b]
is called orthogonal if ∫ b

a

ϕiϕj dx = 0 for i ̸= j

If in addition ∫ b

a

ϕ2i dx = 1 for all i

the system is said to be orthonormal.

Example 2.1. The functions

1√
2π
,

1√
π

cosnx,
1√
π
sinnx, (n = 1, 2, . . . )

form an orthonormal system in the interval [−π, π]. To see this we consider
the individual cases. First if we consider the orthogonality we see that∫ π

−π

1√
2π

1√
π
cosnx dx =

1√
2π2

1√
π

[
sinnx

n

]π
−π

= 0

∫ π

−π

1√
2π

sinnx dx =
1√
2π2

[
− cosnx

n

]π
−π

= 0

∫ π

−π
1√
π
cosmx 1√

π
cosnx dx = 1

π ·
1
2

∫ π

−π
cos[(n+m)x] + cos[(n−m)x] dx = 0

∫ π

−π
1√
π
sinmx 1√

π
cosnx dx = 1

π ·
1
2

∫ π

−π
[sin[(n+m)x] + sin[(n−m)x] dx = 0∫ π

−π
1√
π
sinmx 1√

π
sinnx dx = 1

π ·
1
2

∫ π

−π
cos[(n−m)x]− cos[(n+m)x] dx = 0

Now for the orthonormality:∫ π

−π

(
1√
2π

)2

dx = 1

∫ π

−π

(
1√
π
cosnx

)2

dx = 1
π

∫ π

−π
( 12 + 1

2 cos 2nx) dx = 1
2π

[
x+ sin(2nx)

2n

]π
−π

= 1

∫ π

−π

(
1√
π
sinnx

)2

dx = 1
π

∫ π

−π
( 12 −

1
2 cos 2nx) dx = 1

Thus the system is shown to be orthonormal. We can write two of the key
results as ∫ π

−π

cosmx cosnx dx =

∫ π

−π

sinmx sinnx dx = πδmn

where δmn is the Kronecker delta introduced in Section 1 of the course.
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Exercise: Show that the functions (
√
2/π), sinnx (n = 1, 2, . . . ) form an

orthonormal system on the interval [0, π].

Periodic Functions

Definition. A function f is periodic with period T if

f(x+ T ) = f(x) for all values of x

Obviously 2T, 3T, . . . , will also satisfy this condition, but the period is
defined to be the smallest value of T .

Example 2.2. We have

sinnx = sin(nx+ 2π) ≡ sin
[
n(x+ 2π

n )
]

cosnx = cos(nx+ 2π) ≡ cos
[
n(x+ 2π

n )
]

and so sinnx, cosnx both have period 2π/n. Note that the period gets
shorter as the frequency (or wavelength) n increases.

Now consider the finite sum

N∑
n=1

an cosnx+ bn sinnx

This is a sum of functions with individual periods 2π, 2π/2, 2π/3 etc. The
overall period is therefore 2π, i.e. determined by the n = 1 mode.

Exercise: Find the period of the function cos 3x sin 4x.

Odd and even functions

Definition. A function f(x) is even at x = a if f(a + x) = f(a − x) for
all x. A function f(x) is odd at x = a if f(a+ x) = −f(a− x) for all x.

Example 2.3. Lecture 17Since cos(x) = cos(−x) and sin(x) = − sin(−x), we have
that cosx is even about x = 0 and sinx is odd about x = 0. Note that if
we consider a ̸= 0, these properties change. For example cosx is neither
odd nor even about x = π/4, and cosx is odd about x = π/2.

−π −π
2

π
2

π

Multiplication of odd and even functions

It follows from the definition of odd and even functions, that if f(x) is odd
(even) about x = a and g(x) is even (odd) about x = a then the product
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f(x)g(x) is odd. Similarly the product of two odd functions is even and the
product of two even functions is even, (n.b. odd × odd is even, odd × even is
odd, unlike for odd and even numbers!)

Integration of odd/even functions

A useful property of odd and even functions that we will make use of is what
happens if you integrate them over a range, with the midpoint of the range
being the line of symmetry.

If we suppose f(x) is even about x = a, then∫ a+L

a−L

f(x) dx =

∫ a

a−L

f(x) dx+

∫ a+L

a

f(x) dx

=

∫ 0

−L

f(u+ a) du+

∫ a+L

a

f(x) dx

=

∫ 0

−L

f(a− u) du+

∫ a+L

a

f(x) dx

=

∫ a

a+L

−f(x) dx+

∫ a+L

a

f(x) dx

= 2

∫ a+L

a

f(x) dx

which is obvious if you think of integration as the area under the curve:

aa− L a+ L

Similarly if g(x) is odd about x = a then∫ a+L

a−L

g(x) dx = 0

because the areas under the curve between a L & a, and a & a + L are equal
and opposite:

aa− L a+ L

We will use these properties when studying half-range Fourier series later.

2.2 Full-range Fourier Series

We begin by considering Fourier series over the range [−π, π]. We will gener-
alise this later. Let f(x) be a periodic function with period 2π. The Fourier
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series for f(x) is the representation of f(x) as a series in sinnx and cosnx of
the form

f(x) =
1

2
a0 +

∞∑
n=1

(an cosnx+ bn sinnx)

where an (n ≥ 0) and bn (n ≥ 1) are constants to be found.

Finding the Fourier coefficients

We will assume that the series may be integrated term by term, i.e. that
integration and summation are interchangeable. First, if we integrate both
sides of (2) from x = −π to x = +π we have∫ π

−π

f(x) dx = πa0 + 0 =⇒ a0 =
1

π

∫ π

−π

f(x) dx (3)

Now if we go back to (2) but this time multiply by cosmx and integrate from
−π to +π, the first term on the RHS is

1

2
a0

∫ π

−π

cosmx dx = 0

The second term is

∞∑
n=1

an

∫ π

−π

cosnx cosmx dx =

∞∑
n=1

anπδmn = πam

using the result for the integral calculated earlier in 2.2. Similarly the third
term is

∞∑
n=1

bn

∫ π

−π

sinnx cosmx dx = 0

We are then left with the result that

am =
1

π

∫ π

−π

f(x) cosmx dx (m = 1, 2, . . . ) (4)

Note that in view of (3), we can also use (4) for n = 0. We can find the bn
coefficients in a similar way. We go back to (2) and multiply by sinmx and
integrate. This time the first two terms on the RHS vanish, leaving∫ π

−π

f(x) sinmx dx =
∞∑

n=1

bn

∫ π

π

sinnx sinmx dx︸ ︷︷ ︸
πδmn

= πbm

and hence

bm =
1

π

∫ π

−π

f(x) sinmx dx (m = 1, 2, . . . ) (5)

Note that if f(x) is even about x = 0 then the integrand in (5) is odd, and
hence bn = 0. Similarly if f(x) is odd about x = 0 then an == 0 (including
a0). These results can be quoted when appropriate.

It can be seen that we only require f(x) to be integrable over the range −π
to π. This means that f could be discontinuous and still have a Fourier series

57



2 Fourier Series Multivariable Calculus

representation. In fact all we require is that it is piecewise continuous, i.e.
it has a finite number of finite discontinuities. It is also important to realise
that provided you only want to represent a function by a Fourier series over
a specific range, the function itself need not be periodic as the next example
shows.

Example 2.4. Obtain the Fourier series for the function π2−x2 over the
range −π ≤ x ≤ π. We write

π2 − x2 =
1

2
a0 +

∞∑
n=1

an cosnx+ bn sinnx

and note that the RHS is a periodic function of period 2π. Using the
formulae for the Fourier coefficients derived above:

a0 =
1

π

∫ π

−π

(π2 − x2) dx = · · · = 4π2/3

an =
1

π
cosnx dx = · · · − 2

πn2
[x cosnx]ππ = 4(−1)n+1/n2

where we have integrated by parts twice, and used that sinnx = 0 and
cosnx = (−1)n. Since π2 − x2 is even about x = 0 we can say without
further calculation that bn = 0 for all n. We therefore have the result that

π2 − x2 =
2π2

3
+ 4

∞∑
n=1

(−1)n+1 cosnx

n2

=
2π2

3
+ 4 cosx− cos 2x+ . . .

For −π ≤ x ≤ x. We can see that the infinite series converges absolutely
by comparison with

∑∞
n=1(1/n

2).

In the picture below we show the original parabola (blue) and the Fourier
series with an infinite number of terms (red)

−π −π
2

π
2

π

We also show the approximations resulting from retaining a finite number
of terms (red = 3 terms, dashed = 2) - these are known as partial sums:
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−π −π
2

π
2

π

Although the original function is a smooth parabola, the Fourier series,
when extended outside [−π, π] is not smooth, as it is of course a periodic
extension of its form within [−π, π].

Exercise (non-smooth function): Obtain the Fourier series for the function
f(x) = |x| over the range [−π, π].

Example 2.5 (discontinuous function). Derive Lecture 18the Fourier series for the
square wave

f(x) =

{
−1 (−π < x < 0)

+1 (0 < x < π)

−π π

we can write

f(x) =
∞∑

n=1

bn sinnx

where

bn =
1

π

∫ π

−π

f(x) sinnx︸ ︷︷ ︸
even about x=0

dx

=
2

π

∫ π

0

(1) sinnx dx

since the integrand is even about x = 0, it follows that

bn =
2

nπ
[− cosnx]π0

=
2

nπ
((−1)n+1 + 1)

=

{
0 n even

4/nπ n odd
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Thus we can express the square wave as

f(x) =
4

π

(
sinx+

1

3
sin 3x+

1

5
sin 5x+ . . .

)
, (−π < x < π) (6)

Plot of Fourier series with one (dotted), three (red) and ten (blue) terms:

−π
2

π
2

Calculating infinite sums using Fourier series

We can obtain interesting results by substituting in various values of x. For
example if we consider the square wave example and choose x = π/2, we know
that f(x) = 1 from the original definition of x, and hence, putting x = π/2
into the series:

1 =
4

π

(
sin

π

2
+

1

3
sin

3π

2
+

1

5
sin

5π

2
+ . . .

)
Rearranging, we conclude:

π

4
= 1− 1

3
+

1

5
− 1

7
+ . . .

(We can check that the series on the right converges by using the alternating
series test). In the parabola example we can substitute x = 0 and x = π and
obtain the results

π2

12
= 1− 1

22
+

1

32
− 1

42
+ . . .

π2

6
= 1 +

1

22
+

1

32
+

1

42
+ . . .

The behaviour of Fourier series at a discontinuity

In the previous example, the square wave is discontinuous at x = 0 with
limx→0+ f(x) = 1, and limx→0− f(x) = −1. We see, from (6), that the value
of the Fourier series is zero, i.e. the average of the right hand and left hand
limits. This result is true in general as we shall see shortly. The Fourier
series (6) also has the value zero at x = ±π. At these values of x there is
a discontinuity in the periodically-extended function. Another issue concerns
how the partial sums converge to the mean value. In figure 6 we plot the
partial sums for (6) with 1, 2 and 10 terms retained in the series. There is
also an animation of this I will show. It can be observed that the partial sums
do not converge smoothly to the mean value at a point of discontinuity. This
is known as Gibbs phenomenon, which we will discuss in more detail shortly.
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2.3 Convergence of Fourier series

We would like to study what happens to the Fourier series for f(x) as we
include more and more terms. How do we approach the function f(x) and
what happens if f(x) is discontinuous as in the previous example? To do this
we need to use the following theorem, which we quote without proof.

Lemma 2.6 (Riemann). If g(x) is an integrable function in the interval [a, b],
then

lim
α→∞

∫ b

a

g(x) sinαx dx = 0

Proof. Omitted. Easy to see if g(x) is a constant.

Behaviour of the partial sums

We now consider the partial sums of a given Fourier series, SN (x), defined
over −π < x < π as

SN (x) =
1

2
a0 +

∞∑
n=1

{an cosnx+ bn sinnx}

with

an =
1

π

∫ π

−π

f(u) cosnu du, bn =
1

π

∫ π

π

f(y) sinnu du

We will suppose that the function f(x) may have finite discontinuities at
certain values of x. At such discontinuities we define the left-hand and right-
hand limits as

f(x−) = lim
ε→0−

f(x+ ε), f(x+) = lim
ε→0+

f(x+ ε),

(Of course, if there is no discontinuity then these limits are equal). We will
also assume that the left-hand and right-hand derivatives exist at these points
(see figure 7).

Turning now to the expression for SN , substituting for the coefficients, inter-
changing the order of summation and the integration, and using cosnx cosnu+
sinnx sinnu ≡ cosn(ux) we get

SN (x) =
1

π

∫ π

−π

f(u)

1
2
+

N∑
n=1

cosn(u− x)

du

It can be shown that

1 + 2
N∑

n=1

cosnθ =
sin[(N + 1/2)θ]

sin(θ/2)

[PS #5]. We can therefore rewrite our expression for the partial sum as

SN (x) =
1

2π

∫ π

π

f(u)
sin[(N + 1

2 )(u− x)]
sin[ 12 (u− x)]

du

=
1

2π

∫ π−x

−π−x

f(x+ s)
sin[(N + 1

2 )s]

sin 1
2s

ds
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upon making the substitution s = ux.

We want to investigate the behaviour of SN (x) as N → ∞. We cant use
Riemanns lemma directly because g(s) = f(x + s)/ sin( 12s) is not integrable
over a range containing s = 0. We will therefore split the range of integration
to deal with the problem near s = 0 separately, and we also let α = N + 1/2.
For some δ > 0, we write

SN (x) =
1

2π

(∫ −δ

π−x

+

∫ 0

−δ

+

∫ δ

0

∫ π−x

δ

)
f(x+ s)

sinαs

sin 1
2s

ds

≡ I1 + I2 + I3 + I4

The integrals I1 and I4 tend to zero by Riemann’s lemma. Now consider the
second integral:

I2 =
1

2π

∫ 0

−δ

f(x+ s)
sinαs

sin 1
2s

ds ≡ 1

π

∫ 0

−δ

f(x+ s)
sinαs

s
ds (7)

+
1

2π

∫ 0

−δ

f(x+ s)

{
1

sin 1
2s
− 2

s

}
sinαs ds

The second integral on the right hand side in (7) tends to zero as α → ∞
by Riemanns lemma, as the term in curly brackets is well-behaved at s = 0.
Turning to the first integral on the right-hand-side of (7):

1

π

∫ 0

−δ

f(x+ s)
sinαs

s
ds ≡ 1

π

∫ 0

−δ

{
f(x+ s)− f(x−)

s

}
sinαs ds

+
f(x−)
π

∫ 0

−δ

sinαs

s
ds (8)

Again, the term in curly brackets is well-behaved at s = 0 because as s→ 0−
this term is simply the left-hand derivative which we are assuming is well-
defined. Therefore the first term on the right-hand-side of (8) tends to zero
by Riemanns lemma.

We are therefore left with

lim
α→∞

I2 =
f(x−)
s

lim
α→∞

∫ 0

−δ

sinαs

s
ds

=
f(x−)
s

lim
α→∞

∫ 0

αδ

− sin q

−q/α
dq

(−α)

=
(x−)
π

∫ ∞

0

sin q

q
dq

=
1

2
f(x−)

letting q = −αs, since the standard integral
∫∞
0

(sin q)/q dq = π/2. IN a
similar way, we can show

lim
α→∞

I3 =
1

2
f(x+)
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Putting this all together:

lim
N→∞

SN (x) =
1

2
[f(x+) + f(x−)]

We have therefore shown that at a point of discontinuity the Fourier series
converges to the average value of f , which is what we saw explicitly in the
square wave example. Indeed this also shows that if f(x+) = f(x−), i.e. the
function is continuous at x, then the Fourier series is f(x).

Gibbs phenomenon

From our Lecture 19computations of the Fourier series for the square wave (pg. 60) we
saw that the series behaves strangely near x = 0, overshooting the required
jump by the same amount for all N . Lets examine the specific series in more
detail. Recall that the Fourier series in question is Thus we can express the
square wave as

f(x) =
4

π

(
sinx+

1

3
sin 3x+

1

5
sin 5x+ . . .

)
, (−π < x < π)

The sum of the first N terms is

SN (x) =
4

π

N∑
n=1

sin[(2n− 1)x]

2n− 1

and this can be rewritten in the form

SN (x)
2

π

∫ x

0

sin[(2n− 1)θ]

2n− 1
dθ

(see PS #5). Making the substitution ξ = 2Nθ and assuming N >> 1, we
find

SN (x) =
2

π

∫ 2Nx

0

sin ξ

2N sin(ξ/2N)
dξ ∼ 2

π

∫ 2Nx

0

sin ξ

ξ
dξ

If we fix x > 0 and letN →∞ we see that SN (x)→ 1 (recall
∫∞
0

(sinx)/xdx =
π/2). This is what we expect since the Fourier series is representing the
function f(x) = 1 when x > 0. Similarly if we fix x < 0 and let N → ∞ we
get SN (x)→ −1. Now lets find the value of x at which SN (x) is maximum. If
we think about the area under the curve sin ξ/ξ:

2 4 6 8 10 12

0.5

1

π
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We see that the maximum value of the integral occurs when 2Nx = π. At
this point we can compute ∫ π

0

(sinx)/x dx ≈ 1.82

=⇒ SN (π/2N) ≈ (2/π)(1.852) ≈ 1.179

a value which is independent of N . This means there is always an overshoot
(by a factor 1.179) but that overshoot occurs closer and closer to the discon-
tinuity at x = 0 as we increase the number of terms in the Fourier series.

Theorem 2.7: Parseval

If f(x) is represented by a Fourier series as

f(x) =
1

2
a0 +

∞∑
n=1

{an cosnx+ bn sinnx} (−π ≤ x ≤ π)

then
1

π

∫ π

−π

[f(x)]2 dx =
1

2
a20 +

∞∑
n=1

{a2n + b2n}

Proof. We write [f(x)]2 as

[f(x)]2 =

1
2
a0 +

∞∑
n=1

an cosnx+ bn sinnx

1
2
a0 +

∞∑
m=1

am cosmx+ bm sinmx


noting the m index in the second factor. Expanding this out, we get

=
1

4
a20 +

1

2
a0

∞∑
m=1

am cosmx+ bm sinmx+
1

2
a0

∞∑
n=1

an cosnx+ bn sinnx

+
∞∑

n=1

∞∑
m=1

[amam cosnx cosmx+ bnbm sinnx sinmx+ anbm cosnx sinmx

+ ambn cosmx sinnx]

Now we integrate both sides of this expression with respect to x between −π
and π. Most of the terms integrate to zero, leaving∫ π

π

[f(x)]2 dx =
π

2
a20 +

∞∑
n=1

∞∑
m=1

(anamπδmn + bnbmπδmn)

=
π

2
a20 +

∞∑
n=1

π(a2n + b2n)

Hence the result. �
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Example 2.8. Compute the Fourier series for cos(x/2) over [−π, π]. Use
Parseval’s theorem to compute the value of

∞∑
n=1

1

(4n2 − 1)2

First we observe that cos(x/2) is even about x = 0, hence bn = 0 for all
n. We can therefore write

cos

(
x

2

)
=

1

2
a0 +

∞∑
n=1

an cosnx (−π ≤ x ≤ π)

The Fourier coefficients are

a0 =
1

π

∫ π

−π

cos(x/2) dx

=
2

π

∫ 2π

0

cos(x/2) dx

=
2

π

[
2 sin(x/2)

]π
0
= 4/π

and

an =
2

π

∫ π

0

cos(x/2) cos(nx) dx

=
1

π

∫ π

0

cos[(n+ 1
2 )x] + cos[(n− 1

2 )x] dx

=
1

π

(
sin[(n+ 1

2 )π]

n+ 1
2

+
sin[(n− 1

2 )π]

n− 1
2

)

Note that sin(n+ 1
2 )π = 2 cosnπ sin π

2 = 2(−1)n, so

=
(−1)n

π

(
2

2n+ 1
+

2

2n− 1

)
=

4(−1)n+1

π(4n2 − 1)

Therefore, using Parseval’s Theorem:

1

π

∫ π

−π

[cos(x/2)]2 dx =
1

2
a20 +

∞∑
n=1

a2n

=
8

π2
+

16

π2

∞∑
n=1

1

(4n− 1)2

But the LHS is
1

π

∫ π

−π

(
1

2
+

1

2
cosx

)
dx = 1
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Therefore we conclude that

8

π2
+

16

π2

∞∑
n=1

1

(4n− 1)2
= 1

and hence
∞∑

n=1

1

(4n− 1)2
=
π2 − 8

16

2.4 Fourier Series over a general interval

The use of Fourier series would obviously be limited if it were confined to the
range [−π, π]. However the theory is easily generalised to an arbitrary interval
by observing that sin(nπx/L), cos(nπx/L) have period 2L/n and the set of
functions

1√
2L
,

1√
L
cos

(
nπx

L

)
,

1√
L
sin

(
nπx

L

)
, (n = 1, 2, . . . , )

are orthonormal over the interval [a, a + 2L] where a is any real number, i.e.
we have ∫ a+2L

a

cos

(
nπx

L

)
dx =

∫ a+2L

a

sin

(
nπx

L

)
dx = 0

∫ a+2L

a

sin

(
nπx

L

)
cos

(
mπx

L

)
dx = 0

∫ a+2L

a

sin

(
nπx

L

)
sin

(
mπx

L

)
dx =

∫ a+2L

a

cos

(
nπx

L

)
cos

(
mπx

L

)
dx = Lδmn

which agrees with the previous results when L = π. Using these results, we
can then represent a function f(x) over the interval [a, a+ 2L] in the form

f(x) =
1

2
a0 +

∞∑
n=1

an cos

(
nπx

L

)
+ bn sin

(
nπx

L

)

By proceeding in a similar fashion to [−π, π] case, we can establish that the
corresponding Fourier coefficients are given by

an =
1

L

∫ a+L

a

f(x) cos

(
nπx

L

)
dx n = 0, 1, 2, . . .

bn =
1

L

∫ a+L

a

f(x) sin

(
nπx

L

)
dx n = 1, 2, . . .

Obviously, these formulae reduce to the [−π, π] case when a = π and L = π.
It follows that if f(x) is integrable over a finite interval, a Fourier series can
be found for f(x) in this interval.

Its straightforward to generalise Parsevals result for the [π, π] interval to the
interval [a, a+ 2L]:

66



2 Fourier Series Multivariable Calculus

Theorem 2.9: Parseval for Fourier series over general interval

1

L

∫ a+2L

a

[f(x)]2 dx =
1

2
a20 +

∞∑
n=1

a2n + b2n

Example 2.10. Find the Fourier expansion of the periodic function whose
definition over one period is Lecture 20

f(x) =


(x− 1)2 (0 ≤ x ≤ 2)

2x− 3 (2 ≤ x ≤ 3)

9− 2x (3 ≤ x ≤ 4)

The function is sketched below

1 2 3 4

1

2

3

First we see that the period 2L = 4 in this case, and so L = 2. We
therefore use our formulae with a = 0 and L = 2, so that

a0 =
1

2

∫ 4

0

f(x) dx

=
1

2

∫ 2

0

(x− 1)2 dx+

∫ 3

2

(2x− 3) dx+

∫ 4

3

(9− 2x) dx

= · · · = 7/3

Similarly

an =
1

2

∫ 4

0

f(x) cos

(
nπx

2

)
dx bn =

1

2

∫ 4

0

f(x) sin

(
nπx

2

)
dx

After some algebra, we obtain

an =
8

n2π2
cos

(
3nπ

2

)
bn =

8

n3π3
(nπ sin

(
3nπ

2

)
− 1 + cosnπ)

2.5 Half-range Fourier series

The series we have looked at so far are known as full-range Fourier series in
view of the fact that the function is represented by the Fourier series over one
full period of the series. Suppose we have a function f(x) defined over the
range [−L,L], e.g.
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Now consider the following two real functions defined over the same interval

f1(x) =

{
f(x) (0 ≤ x ≤ L)
f(−x) (−L ≤ x ≤ 0)

f2(x) =

{
f(x) (0 < x < L)

−f(−x) (−L < x < 0)

The functions are sketched in below (f1(x) in (a), f2(x) in (b))

Clearly f1(x) is even about x = 0 and hence the Fourier coefficients bn = 0 in
its Fourier series expansion over [−L,L], i.e.

f1(x) =
1

2
a0 +

∞∑
n=1

an cos

(
nπx

2

)
(−L ≤ x ≤ L)

and

a0 =
1

L

∫ L

−L

f1(x) cos

(
nπx

L

)
dx

=
2

L

∫ L

0

f1(x) cos

(
nπx

L

)
dx (n = 0, 1, 2, . . . , )

with the last line following from the evenness of the integrand about x = 0.
In contrast, the function f2(x) is odd about x = 0 and hence the Fourier
expansion is simply

f2(x) =

∞∑
n=1

bn sin

(
nπx

L

)
(−L < x < L)

(note that the interval is open due to the oddness of f2(x) about x = 0).

The coefficient of bn are:

bn =
1

L

∫ L

−L

f2(x) sin

(
nπx

L

)
dx

=
2

L

∫ L

0

f2(x) sin

(
nπx

L

)
dx (n = 1, 2, . . . , )
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Now note that by definition, both f1 and f2 are equal over the range (0, L).
There are therefore two ways of representing f over this interval:

(i) f(x) =
1

2
a0 +

∞∑
n=1

an cos

(
nπx

L

)
, (0 ≤ x ≤ L)

an =
2

L

∫ L

0

f1(x) cos

(
nπx

L

)
dx (n = 0, 1, 2, . . . , )

which is known as the half-range Fourier cosine series, and

(ii) f(x) =
∞∑

n=1

bn sin

(
nπx

L

)
, (0 < x < L)

bn =
2

L

∫ L

0

f2(x) sin

(
nπx

L

)
dx (n = 1, 2, . . . , )

which is the half-range Fourier sine series.

Again, analogous results to Parsevals formula can be found for half-range
series.

Theorem 2.11: Parseval for half-range series

2

L

∫ L

0

[f(x)]2 dx =


1

2
a20 +

∞∑
n=1

a2n (Fourier cosine series)

∞∑
n=1

b2n (Fourier sine series)

Example 2.12. Find the half-range Fourier cosine and Fourier sine series
for f(x) = x over the range 0 < x < π.

Let’s start with the cosine series. Since the range is 0 to π, we put L = π
in our formulae to get

x =
1

2
a0 +

∞∑
n=1

an cosnx

The Fourier coefficients can be calculated as

a0 =
2

π

∫ π

0

x dx = π

an =
2

π

∫ π

0

x cosnx dx

=
2

π

{[ x
n
sinnx︸ ︷︷ ︸
zero

]π
0
−
∫ π

0

1

n
sinnx dx

}

=
2

n2π
(cosnπ − 1)
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Therefore we write

x =
π

2
− 4

π

∑
n odd

cosnx

n2

or putting n = 2m− 1:

x =
π

2
− 4

π

∞∑
m=1

cos[(2m− 1)x]

(2m− 1)2
(0 ≤ x ≤ π)

note that the end points are included, because this is the even extension
of x outside the range [0, π]. See picture:

−6 −3 3 6

1

2

3

Now let’s derive the Fourier sine series expansion. We write

x =

∞∑
n=1

bn sinnx

where

bn =
2

π

∫ π

0

sinnx dx

= . . . (by parts)

=
2

n
(−1)n+1

Thus we have the result

x =
∞∑

n=1

2(−1)n+1

n
sinnx (0 ≤ x < π) (9)

Since this is the odd extension of x outside the range 0 to π, it is generally
only valid in the open interval (0, π). However because f(0) = 0 in this
case, the representation is also clearly valid at x = 0, and so the region
of validity of (9) is 0 ≤ x < π. The series is shown below over the range
[−2π, 2π].

−6 −3 3 6

−3

3
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2.6 Integration and differentiation of Fourier series

In our previous example on Lecture 21half-range series, we say that

x =
∞∑

n=1

2(−1)n+1

n
sinnx, (0 ≤ x < π) (10)

We can integrate both sides of (10) with respect to x and get the correct
answer provided our range of integration lies inside the region of validity of
the original series (0 to π in this case). For example, provided 0 < X < π we
can write ∫ X

0

x dx =
∞∑

n=1

2(−1)n+1

n

∫ X

0

sinnx dx

=⇒ 1

2
X2 =

∞∑
n=1

2(−1)n

n2
(cosnx− 1)

The conditions under which we can differentiate are more restrictive. (This is
not surprising since differentiating a Fourier series brings out an extra factor
n, making the series much less likely to converge). To be able to differentiate
we need the function, when extended periodically, to be continuous for all x.
This is not true for the series in (10). If we decide to differentiate both sides
anyway we get

1 =

∞∑
n=1

2(−1)n+1 cosnx WRONG!

This cannot be correct as the general term in the series does not tend to zero
and hence the series must diverge. If however, we start with the half-range
cosine series representation for x:

x =
π

2
− 4

π

∞∑
m=1

cos[(2m− 1)x]

(2m− 1)2
(0 ≤ x ≤ π)

then this is continuous when extended periodically, and so we can differentiate
to get

1 =
4

π

∞∑
n=1

sin[(2m− 1)x]

(2m− 1)

which is a valid result, provided 0 < x < π. [We can’t differentiate a second
time though]

2.7 Exponential form of Fourier series

This alternative representation can sometimes simplify calculations. It is used
frequently in engineering applications and writing the formulae in this way
provides a clear link to Fourier transforms which we will explore in the next
section of the course. Recalling that

cosnx =
1

2
(einx + e−inx), sinnx = − i

2
(einx − e−inx)
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we can write

an cosnx+ bn sinnx =
1

2
(an − ibn)einx +

1

2
(an + ibn)e

−inx

Therefore we can rewrite our Fourier series representation over [−π, π] in the
form

f(x) =
1

2
a0 +

∞∑
n=1

cne
inx + kne

−inx (11)

where

cn =
1

2
(an − ibn)

=
1

2π

∫ π

−π

(f(x) cosnx− if(x) sinnx) dx

=
1

2π

∫ π

−π

f(x)e−inx dx (n = 1, 2, . . . , )

Also note that c0 = a0/2. Similarly:

kn =
1

2
(an + ibn) =

1

2π

∫ π

−π

f(x)einx dx (n = 1, 2, . . . , )

If we write c−n = kn, we can express this more succinctly as

f(x) =
∞∑

n=−∞
cne

inx |x| < π

cn =
1

2π

∫ π

−π

f(x)e−inx dx (n = 0,±1,±2, . . . , )

For a function of period 2L this is easily generalised to

f(x) =

∞∑
n=−∞

cne
inπx/L, |x| < L

cn =
1

2L

∫ L

−L

f(x)e−inπx/L dx (n = 0,±1,±2, . . . , )

Example 2.13. Find the complex form of the Fourier series of the peri-
odic function whose definition over one period is f(x) = e−x, −1 < x < 1.
Since L = 1 we have

cn =
1

2

∫ 1

−1

e−xe−inπx dx

= −1

2

[
e−(1+inπ)x

1 + inπ

]1
−1

= −1

2
(e−1 − e1) cosnπ

1 + inπ

= (−1)n sinh(1)(1− inπ) cosnπ
1 + n2π2
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Therefore the complex Fourier series representation is

e−x =

∞∑
n=−∞

(−1)n(1− inπ) sinh(1) einπx

1 + n2π2

The function e−x and the partial sums of the series with 5 terms (solid
red) and 10 terms (dashed red) are shown together below. Note the Gibbs
phenomenon near x = ±1 where the series converges to 1

2 (e + e−1) =
cosh(1).

−1 −0.5 0.5 1

1

2

t
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3 Fourier Tranforms

A key reason for studying this material (and Fourier series) is that we can
use these ideas to help us solve certain partial differential equations which
we will study in the next section. However there are many other uses for
Fourier transforms and they are used particularly by scientists and engineers
in the context of signal processing. We have seen that Fourier series allows
us to represent a given function in terms of sine and cosine waves of different
amplitudes and frequencies, but this representation is only valid over a finite
range of the independent variable. We now wish to study what happens if we
take a Fourier series defined over [L,L] and let L → ∞ First we write out
the Fourier series over the finite range. It is convenient to use the exponential
form derived at the end of the previous section:

f(x) =
∞∑

n=−∞
cne

inπx/L |x| < L

cn =
1

2L

∫ L

−L

f(x)e−inπx/L dx (n = 0,±1,±2, . . . )

Definition. We define the angular frequency

ωn = nπ/L

and also the frequency difference

δω = ωn+1 − ωn = π/L

In terms of this new notation, the Fourier series becomes

f(x) =
1

2π


∞∑

n=−∞

{∫ L

−L

f(s)e−iωns ds

}
eiωnx

 δω

Now as L→∞, δω → 0 and

∞∑
n=−∞

g(ωn) δω →
∫ ∞

−∞
g(ω) dω

(think about splitting the integral up into strips of width δω.) So in the limit
L→∞ we obtain the result that

f(x) =
1

2π

∫ ∞

−∞

{∫ ∞

−∞
f(s)e−iωs ds

}
eiωx dω

We have therefore shown that for a function f(x) defined over −∞ < x <∞:

f(x) =
1

2π

∫ ∞

−∞
f̂(ω)eiωx dω (12)

where we define:
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Definition.

f̂(ω) =

∫ ∞

−∞
f(x)e−iωx dx

is the Fourier Transform of f

Notation. Fourier transform:

f̂(ω) = F{f(x)}
∫ ∞

−∞
f(x)e−iωx dx

Inverse Fourier transform:

f(x) = F−1{f̂(ω)} = 1

2π

∫ ∞

−∞
f̂(ω)eiωx dω

Theorem 3.1: Fourier’s integral formula

This is the result

f(x) =
1

2π

∫ ∞

−∞

{∫ ∞

−∞
f(s)e−iωs ds

}
eiωx dω

that we arrived at in a non-rigorous way in the previous section.

Proof. To prove this we need to assume that f(x) is such that∫ ∞

−∞
|f(x)| dx

converges. We will also assume that f(x) and f ′(x) are continuous for all x,
although this condition can be relaxed as we will discuss at the end. We start
by writing the RHS above in the form

lim
L→∞

1

2π

∫ L

−L

{∫ ∞

−∞
f(s)e−iωs ds

}
e−iωx dω

= lim
L→∞

1

2π

∫ L

−L

{∫ ∞

−∞
f(s)e−iω(s−x) ds

}
dω

= lim
L→∞

1

2π

∫ L

−L

{∫ ∞

−∞
f(s) cos[ω(s− x)] ds

}
− i

{∫ ∞

−∞
f(s) sin[ω(s− x)] ds

} dω

The first integral in curly brackets is even about ω = 0, while the second is
odd. The expression therefore simplifies to

lim
L→∞

1

π

∫ L

0

{∫ ∞

−∞
f(s) cos[ω(s− x)] ds

}
dω
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Because Lecture 22of the absolute convergence of the inner integral we can interchange
the order of integration and write this as

lim
L→∞

1

π

∫ ∞

−∞

{∫ L

0

cos[ω(s− x)] dω

}
f(s) ds

= lim
L→∞

1

π

∫ ∞

−∞
f(s)

sin[L(s− x)]
s− x

ds

= lim
L→∞

1

π

∫ ∞

−∞
f(x+ u)

sin(Lu)

u
du

using the substitution u = s− x.

We now split the integral into two parts in the form

lim
L→∞

1

π

{∫ ∞

−∞

(
f(x+ u)− f(x)

u

)
sin(Lu) du+ f(x)

∫ ∞

−∞

sin(Lu)

u
du

}
The first integral tends to zero as L → ∞ using Riemann’s lemma. We then
use the substitution p = Lu in the second integral to leave

lim
L→∞

1

π
f(x)

∫ ∞

−∞

sin(p)

p/L

dp

L
= f(x)

using the fact that
∫∞
−∞(sin p)/p dp = π (Problem sheet 6) �

As remarked earlier, we have assumed here that f(x) is continuous at all x.
If there is a discontinuity at x0 (with finite left and right derivatives there),
the LHS of the formula is replaced by [f(x0+)+ f(x0−)]/2 (analogous to the
Fourier series convergence we investigated earlier).

Example 3.2. Find the fourier transform of the square wave

f(x) =

{
1, |x| < d

0, |x| > d

We say f has “compact support”, it’s non-zero on a finite support:

−d d

We have that

f̂(ω) =

∫ ∞

−∞
f(x)e−iωx dx

=

∫ d

−d

e−iωx dx =

[
e−iωx

−iω

]d
−d

= − 1

iω

{
e−ωd − eiωd

}
=

2

ω
sin(ωd)
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−4 −2 2 4

2

4

6

Note that as d gets larger, f̂ becomes more concentrated in the vicinity of
ω = 0.

Exercise: Find the Fourier transform of the function

f(x) =

{
e−ax, x ≥ 0

0, x < 0

(Answer: 1/(a+ iω) )

3.1 Fourier cosine and sine tranforms

In the same way that we exploited symmetry to define half-range Fourier
series, we can similarly define transforms over the range [0,∞). First if we
suppose that f(x) is even about x = 0 we can write

f̂(ω) =

∫ ∞

−∞
f(x)e−iωx dx

=

∫ ∞

−∞
f(x) cosωx︸ ︷︷ ︸

even about x = 0

− if(x) sinωx︸ ︷︷ ︸
odd about x = 0

dx

= 2

∫ ∞

0

f(x) cosωx dx

Definition. We define

f̂c(ω) =

∫ ∞

0

f(x) cosωx dx

to be the Fourier cosine transform.

so for an even function f(x):

f̂(ω) = 2f̂c(ω)

Note that f̂c(ω) is even about ω = 0. Using the inversion formula for the
regular tranform:

f(x) =
1

2π

∫ ∞

−∞
f̂(ω)eiωx dω =

1

π

∫ ∞

−∞
f̂c(ω)e

iωx dω
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Exploiting the evenness of f̂c(ω), this reduces to

f(x) =
2

π

∫ ∞

0

f̂c(ω) cosωx dω

which is the inversion formula for the Fourier cosine transform.

In a similar way, by considering f(x) to be odd about x = 0, we can define
a Fourier sine transform and derive the corresponding inversion formula. We
obtain the pair of expressions

f̂s(ω) =

∫ ∞

0

f(x) sinωx dω

f(x) =
2

π

∫ ∞

0

f̂s(ω) sinωx dω

3.2 Properties of Fourier transforms

(i) The Fourier transform in linear, and so

F{af(x) + bg(x)} = af̂(ω) + bĝ(ω)

where a and b are constants. It follows from this that

F−1{af̂(ω) + bĝ(ω)} = af(x) + bg(x)

where F−1 denotes the inverse transform.

(ii) If a > 0:

F{f(ax)} = 1

a
f̂

(
ω

a

)
Proof. Starting on the LHS and making the substitution s = ax:

F{f(ax)} =
∫ ∞

−∞
f(ax)e−ωx dx

=
1

a

∫ ∞

−∞
f(s)ei(ω/a)s ds

=
1

a
f̂

(
ω

a

)
�

(iii) In a similar way, we can establish that

F{f(−x)} = f̂(−ω)

(iv) The transform of a shifted function can be calculated as follows Lecture 23(using
s = x− x0)

F{f(x− x0)} =
∫ ∞

−∞
f(x− x0)e−iωx dx

=

∫ ∞

−∞
f(s)eiω(s+x0) ds

= e−ωx0 f̂(ω)
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(v) This is a similar result, but this time involving a shift in transform space:

F{eiω0xf(x)} =
∫ ∞

−∞
f(x)eiω0xe−iωx dx

=

∫ ∞

−∞
f(x)e−i(ω−ω0)x dx

= f̂(ω − ω0)

(vi) Symmetry formula. The following result is surprisingly useful. Suppose

the Fourier transform of f(x) is f̂(ω); change the variable ω to x, then

F{f̂(x)} = 2πf(−ω)

Proof. Starting with the inversion formula, we have

f(x) =
1

2π

∫ ∞

−∞
f̂(ω)eiωx dω

≡ 1

2π

∫ ∞

−∞
f̂(,)ei,x d,

If we now let x = −ω:

f(−ω) = 1

2π

∫ ∞

−∞
f̂(,)e−iω, d,

≡ 1

2π
f̂(x)e−iωx dx

=
1

2π
F{f̂(x)}

as required. �

The following results are particularly useful when applying Fourier transforms
to partial differential equations.

(vii)

F{dnf/dxn} = (iω)nf̂(ω)

Proof. This can be established by integration by parts. We assume that all
derivatives of f tend to zero as x→ ±∞.

F{dnf/dxn} =
∫ ∞

−∞
(dnf/dxn)e−iωx dx

= [(dn−1f/dxn−1)e−iωx]∞−∞ −
∫ ∞

−∞
(−iω)d

n−1f

dxn−1
e−iωx dx

Note that the first term tends to zero as x→ ±∞, leaving

= iωF{dn−1f/dxn−1}
= . . .

= (iω)nF{f} �

79



3 Fourier Tranforms Multivariable Calculus

(viii) F{xf(x)} = if̂ ′(ω).

Proof. Considering the LHS:∫ ∞

−∞
=

∫ ∞

−∞
f(x)

d

dω
(ie−iωx) dx

= i
d

dω

∫ ∞

−∞
f(x)e−ωx dx

= i
d

dω
f̂(ω) �

(ix)

(a) Fc{f ′(x)} = −f(0) + ωf̂s(ω).

(b) Fs{f ′(x)} = −ωf̂c(ω).

(c) Fc{f ′′(x)} = −f ′(0)− ω2f̂c(ω).

(d) Fs{f ′′(x)} = ωf(0)− ω2f̂s(ω).

Proof. We prove (a) and (c) and leave the others as exercises. For (a) we have,
integrating by parts:

Fc{f ′(x)} =
∫ ∞

0

f ′(x) cosωx dx

= [f(x) cosωx]∞0 −
∫ ∞

0

(−ω)f(x) sinωx dx

= −f(0) + ωf̂s(ω)

as required, while for (c):

Fc{f ′′(x)} =
∫ ∞

0

f ′′(x) cosωx dx

= [f ′(x) cosωx]∞0 + ω

∫ ∞

0

f ′(x) sinωx dx

= −f ′(0) + ωFs{f ′(x)}
Then using (b)

= −f ′(0)− ω2f̂c(ω) �

(x) If f(x) is a complex-valued function and [f(x)]∗ is its complex conjugate,
then

F{[f(x)]∗} = [f̂(−ω)]∗

Proof. We have

f(−ω) =
∫ ∞

−∞
f(x)eiωx dx (w, x ∈ R)
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and so it follows that

[f̂(−ω)]∗ =

∫ ∞

−∞
[f(x)]∗e−iωx dx

= F{[f(x)]∗}

as required. �

3.3 Convolution theorem for Fourier transforms

Definition (Convolution). The convolution of two functions f(x), g(x)
defined over (−∞,∞), is

f(x) ∗ g(x) =
∫ ∞

−∞
f(x− u)g(u) du

[Note: f(x) ∗ g(x) = g(∗) ∗ f(x)]. An important result is the so-called convo-
lution theorem:

Theorem 3.3: Convolution

F{f ∗ g} = f̂(ω)ĝ(ω)

Proof. Starting on the LHS, we have∫ ∞

x=−∞

{∫ ∞

u=−∞
f(x− u)g(u) du

}
e−iωx dx

Changing the order of integration:∫ ∞

u=−∞
g(u)

{∫ ∞

x=−∞
f(x− u)e−iωx dx

}
du

Now make the substitution s = x−u at fixed u. The double integral becomes∫ ∞

−∞
g(u)

{
f(x− u)e−iωx dx

}
du

=

(∫ ∞

−∞
g(u)e−iωu du

)(∫ ∞

s=−∞
f(s)e−iωs ds

)
= ĝ(ω)f̂(ω)

as required. �

Note: The convolution is most useful in the form

F−1{ĝ(ω)f̂(ω)} = f ∗ g
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Example 3.4. Find the inverse Fourier transform of the function

1

(4 + ω2)(9 + ω2)

Setting

f̂(ω) =
1

4 + ω2
ĝ(ω) =

1

9 + ω2

we have (from problem sheet 6) that

f(x) =
1

4
e−2|x| g(x) =

1

6
e−3|x|

Thus, by the convolution theorem

F−1

{
1

(4 + ω2)(9 + ω2)

}
= f(x) ∗ g(x)

=
1

24

∫ ∞

−∞
e−2|x−u|e−3|u| du (∗)

Considering the integral in (∗), assuming x > 0:∫ ∞

−∞
e−2|x−u|e−3|u| du

=

∫ 0

−∞
e−2|x−u|e3u du+

∫ ∞

0

e−2|x−u|e−3u du

=

∫ 0

−∞
e−2(x−u)e3u du+

∫ ∞

0

e−2|x−u|e−3u du

= e−2x

∫ 0

−∞
e5u du+ e−2x

∫ x

0

e−u du+ e2x
∫ ∞

x

e−5u du

=
1

5
e−2x − e−2x(e−x − 1) +

e2x

5
e−5x

=
6

5
e−2x − 4

5
e−3x

Hence (∗) becomes

F−1

{
1

(4 + ω2)(9 + ω2)

}
=

1

20
e−2|x| − 1

30
e−3|x|

Note that there are other ways to compute the inverse, e.g. we could
decompose the original function into partial fractions and invert term-by-
term.
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Theorem 3.5: Energy Theorem

This Lecture 24is the analogous result to Parseval’s theorem for Fourier series. If
f(x) is a real-valued function, then

1

2π

∫ ∞

−∞

∣∣∣f̂(ω)∣∣∣2 =

∫ ∞

−∞
[f(x)]2 dx

Proof. Properties (iii) [F{f(−x)} = f̂(−ω)] and (x) [F{[f(x)]∗} = [f̂(−ω)]∗]
of the Fourier transform give

F{|f(−x)|∗} = [f̂(ω)]∗

Since we are assuming f to be real, this simplifies to

F{f(−x)} = [f̂(ω)]∗

If we now use the convolution theorem with ĝ(ω) = [f̂(ω)]∗, we have

F{f(x) ∗ f(−x)} = f̂(ω)[f̂(ω)]∗ =
∣∣∣f̂(ω)∣∣∣2

Using the inverse transform

f(x) ∗ f(−x) = 1

2π

∫ ∞

−∞

∣∣∣f̂(ω)∣∣∣2 e−iωx dω

The LHS (letting u = −s) is∫ ∞

−∞
f(u− s)f(−u) du =

∫ ∞

−∞
f(x+ s)f(s) ds

In particular, setting x = 0, we obtain∫ ∞

−∞
[f(u)]2 du =

1

2π

∫ ∞

−∞

∣∣∣f̂(ω)∣∣∣2 dω

which is the required result. �

3.4 The Dirac delta-function (impulse function)

Before we define this we need to be aware of the following theorem:

Theorem 3.6: Mean Value for Integrals

If f(x) is continuous on [a, b] then∫ b

a

f(x) dx = (b− a)f(x̄)

for at least one x̄ with a ≤ x̄ ≤ b.
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The proof follows from the regular mean-value theorem for F say, by defining
f = F ′. Geometrically this means that the area under the curve is equivalent
to that of a rectangle with length equal to the interval of integration

Now consider the following step function:

fk(x) =

{
k/2, |x| < 1/k,

0, |x| > 1/k

The function is sketched below:

−1/k 1/k

k/2

Area

= 1

Clearly we can see that an important property of the function is that∫ ∞

−∞
fk(x) dx =

(
k

2

)(
2

k

)
= 1

As k increases, fk(x) gets taller and thinner:

Definition (Dirac Delta function).

δ(x) = lim
k→∞

fk(x)

although, of course, this limit doesn’t exist in the usual mathematical sense.
Effectively δ(x) is infinite at x = 0 and zero at all other values of x. The key
property however, is that ∫ ∞

−∞
δ(x) dx = 1

The delta function is most useful in how it interacts with other functions.
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Sifting property of the delta function

Consider ∫ ∞

−∞
f(x)δ(x) dx

where f is a continuous function over (−∞,∞). Using our definition of the
delta-function we can rewrite this as

lim
k→∞

∫ 1/k

−1/k

k

2
f(x) dx = lim

k→∞
f(x̄)

k

2

(
1

k
−
(
−1

k

))

for some x̄ in [−1/k, 1/k] using the mean-value theorem for integrals. Clearly
as k →∞, we must have x̄→ 0. Then the expression above simplifies to

lim
k→∞

f(0)
k

2
· 2
k
= f(0)

We have therefore established that for any continuous function f :∫ ∞

−∞
f(x)δ(x) dx = f(0)

This result can easily be generalised to∫ ∞

−∞
f(x)δ(x− a) dx = f(a)

Example 3.7. Find the Fourier transform of δ(x).

We have

F{δ(x)} =
∫ ∞

−∞
δ(x)e−iωx dx

= e−iω0 = 1

using the sifting property. From this we can deduce that the inverse
Fourier transform of 1 is δ(x).

From this last result, and using the inversion formula, we see that an alterna-
tive representation of the delta function is

δ(x) =
1

2π

∫ ∞

−∞
(1)e±iωx dω

with the ± arising from the observation that δ(x) is an even function of x
about x = 0. If we interchange the variables we can also write

δ(ω) =
1

2π

∫ ∞

−∞
e±iωx dx

If we are prepared to work in terms of delta-functions, we can now take the
Fourier transforms of function that do not decay as x→ ±∞.
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Example 3.8. Find the Fourier transform of cosω0x.

F{cosω0x} =
∫ ∞

−∞

1

2
(eiω0x + e−iω0x)e−iωx dx

=
1

2

∫ ∞

−∞
e−i(ω−ω0)x dx+

1

2

∫ ∞

−∞
e−i(ω+ω0)x dx

= πδ(ω − ω0) + πδ(ω + ω0)

which is a two-spiked ‘function’

−ω0 ω0

Exercise: Find the Fourier transform of sinω0x. (Answer: iπδ(ω − ω0) −
iπδ(ω + ω0).
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4 Partial Differential Equations

In this section we will consider second order Lecture 25partial differential equations
(PDEs). The three main equations we will study are

∂2u

∂t2
= c2∇2u, Wave equation

∂u

∂t
= κ∇2u, Heat equation

∇2Φ = f(r), Laplace/Poisson equation

4.1 The Wave Equation

For this discussion we will restrict ourselves to the one-dimensional version of
the equation

∂2u

∂t2
= c2

∂2u

∂x2
(1)

Solution on finite domain in x: method of separation of variables

Consider the following problem. Solve (1) for u(x, t) subject to the boundary
conditions:

u(0, t) = 0 u(L, t) = 0 (t ≥ 0) (2)

(string clamped at the end)

and the initial conditions

u(x, 0) = f(x) (0 ≤ x ≤ L) (3)

∂u

∂t
= 0 (0 ≤ x ≤ L) (4)

(released from rest). We see a solution to (1) of the ‘separated-variables’ form

u(x, t) = X(x)T (t) (T is not tension)

(boundary condition’s X(0) = X(L) = 0 to satisfy (2) initial condition (4)
=⇒ T ′(0) = 0).

Substituting the expression into (1) we get

XT ′′(t) = c2X ′′(x)T (t)

Dividing both sides by c2XT , we can write this a s

only depends on t

{
T ′′

c2T
=
X ′′

X

}
only depends on x

We observe that the left-hand-side above only depends on t, while the right-
hand-side is dependent only on x. The expression must hold for all t > 0 and
x ∈ [0, L]. The only way this can be satisfied is if the left and right hand sides
are equal to a constant.
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In other words we must have

X ′′

X
= K =

T ′′

c2T

Where K is the separation constant.

We have therefore reduced our PDE to two second order ordinary differential
equations which should be easier to solve, particularly as they have constant
coefficients. Now lets consider applying the boundary conditions. These imply
that

X(0) = X(L) = 0

with X(x) satisfying
X ′′ −KX = 0 (5)

The form of the general solution depends on whether K is positive, zero or
negative. Lets consider those cases in turn.

(i) K > 0. In this case, the general solution of (5) is

X = A cosh(
√
Kx) +B sinh(

√
Kx)

However if we then apply the boundary conditions, we have

X(0) = 0 =⇒ A = 0

X(L) = 0 =⇒ B sinh(
√
KL) = 0 =⇒ B = 0 or sinh(

√
KL) = 0

Neither of these options are acceptable: the first leads to X identically
zero, while a consideration of the graph of sinhx versus x shows that no
such positive value for K exists.

−4 −2 2 4

−50

50

We therefore conclude that for these boundary conditions the constant
K cannot be positive.

(ii) K = 0. In this case the solution of (5) is

X = ax+ b

Again, if we apply X(0) = X(L) = 0, we see that no non-zero solution
is possible.

(iii) K < 0. It is convenient to set K = −λ2. Then (5) becomes X ′′+λ2X =
0, and the general solution is

X = A cosλx+B sinλx
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Applying the boundary conditions X(0) = 0 =⇒ A = 0 as before, but now
the condition X(L) = 0 leads to sin(λL) = 0 for which there are an infinite
number of solutions

λ = nπ/L, n = ±1,±2, . . . (6)

The solution for X is therefore

X = Bn sin(nπx/L)

Now we turn to the corresponding equation for T which takes the form T ′′ +
c2λ2T = 0 and therefore has the general solution

T = C cos(λct) +D sin(λct)

The initial condition (4) implies that T ′(0) = 0 and this leads to D = 0.
Substituting for λ from (6) we are left with T = Cn cos(nπct/L). A solution
that satisfies the wave equation and conditions (2), (4) is therefore

yn = XT = βn sin(nπx/L) cos(nπct/L)

where we have introduced βn = BnCn. Since the wave equation is linear it
follows that any linear combination of the solutions for different n is also a
solution. The most general solution is therefore of the form

u(x, t) =
∞∑

n=−∞
βn sin(nπx/L) cos(nπct/L)

which can be expressed more succinctly as

u(x, t) =

∞∑
n=1

bn sin(nπx/L) cos(nπct/L) (7)

where we have written bn = βn − β−n. We have one more initial condition to
apply - the condition that u = f(x) when t = 0. Imposing this, we see that
f(x) is related to the unknown coefficients bn in the following way:

f(x) =
∞∑

n=1

bn sin(nπx/L), (0 < x < L) (8)

We recognise this as a half-range Fourier sine series for f(x). Our Fourier
series studies of §2 have shown us that

bn =
2

L

∫ L

0

f(x) sin(nπx/L) dx

and so can be computed for a given f(x). The required solution to the wave
equation is therefore given by the infinite sum (7), with the coefficients bn
calculated from (8).

Exercise: Solve the wave equation subject to

u(0, t) = u(L, t) for t ≥ 0

u(x, 0) = 0 for 0 ≤ x ≤ L
∂u

∂t
(x, 0) = g(x) for 0 ≤ x ≤ L
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Answer:

u =

∞∑
n=1

βn sin(nπx/L) sin(nπct/L)

where

βn =
2

2πc

∫ L

0

g(x) sin(nπx/L) dx

Solution on infinite domain: Fourier transforms

Suppose we have to solve the following problem: Lecture 26

∂2u

∂t2
= c2

∂2u

∂x2
for −∞ < x <∞, t > 0

u(x, 0) = 4e−5|x| for −∞ < x <∞ (9)

∂u

∂t
(x, 0) = 0 (10)

with u bounded as x→ ±∞ for all t.

We take the Fourier transform in x of the differential equation, using property
(vii) from section 3.2. This gives

∂2û

∂t2
= −c2ω2û

where û(ω, t) is the Fourier transform of u(x, t). The general solution is

û(ω, t) = A(ω) cos(ωct) +B(ω) sin(ωct)

The initial condition (10) implies that ∂û/∂t = 0 at t = 0, and so we conclude
that B(ω) = 0. Then applying condition (9) we see that

A(ω) = F{4e−5|x|} = 40

25 + ω2

using a result we saw on Problem Sheet 6. Hence we have

û(ω, t) =
40

25 + ω2
cos(ωct)

We can invert this using the convolution theorem, since û is the product of
two terms we know the individual inverses of. We proceed as follows.

u(x, t) = F−1

{
40

25 + ω2
cos(ωct)

}
= F−1

{
40

25 + ω2

}
∗ F−1

{
cos(ωct)

}
= 4e−5|x| ∗ F−1{cos(ωct)} (11)

Now to find the inverse transform of the second term we can use the result
from section 3.5.3 that

F{cos(ω0x)} = πδ(ω + ω0) + πδ(ω − ω0)
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where δ is the Dirac delta function. Then using the symmetry formula (prop-
erty (vi) in section 3.2: F [F̂ (x)} = 2πF (−ω) it follows that

F{πδ(x+ ω0) + πδ(x− ω0)} = 2π cos(−ω0ω)

and hence

F−1{cos(ω0ω)} =
1

2
δ(x+ ω0) +

1

2
δ(x− ω0)

Using this result in (11):

u(x, t) = 4e−5|x| ∗ 1
2
(δ(x+ ct) + δ(x− ct))

= 2

∫ ∞

−∞
e−5|x−s| {δ(s+ ct) + δ(s− ct)

}
ds

= 2e−5|x+ct| + 2e−5|x−ct|

with the last line following from the sifting property of the delta function
(section 3.5.3).

−ct ct

D’Alembert’s solution for the wave equation

The particular solution we obtained by separation of variables can be rewritten
as

u(x, t) =
1

2

∞∑
n=1

bn sin

(
nπ

L
(x+ ct)

)
+

1

2

∞∑
n=1

bn sin

(
nπ

L
(x− ct)

)
Similarly, the solution we obtained by Fourier transforms also depends on
the combination of variables x − ct and x + ct. The functional dependence
on these quantities indicates that in both cases the solution is the sum of
a left-travelling (x + ct) and right-travelling (x − ct) wave, with both waves
propagating at speed c. This observation provides us with some motivation
for the following study which results in the derivation of the general solution
of the wave equation.

We introduce new variables

ξ = x+ ct, η = x− ct

The partial derivatives transform as follows:

∂

∂x

∣∣∣∣
t

=
∂ξ

∂x

∣∣∣∣
t

∂

∂ξ
+
∂η

∂x

∣∣∣∣
t

∂

∂η
=

∂

∂ξ
+

∂

∂η

∂

∂t

∣∣∣∣
x

=
∂ξ

∂t

∣∣∣∣
x

∂

∂ξ
+
∂η

∂t

∣∣∣∣
x

∂

∂η
= c

∂

∂ξ
− c ∂

∂η
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We can then calculate

∂2u

∂x2
=

∂

∂x

(
∂u

∂x

)
=

(
∂

∂ξ
+

∂

∂η

)(
∂u

∂ξ
+
∂u

∂η

)

=
∂2u

∂ξ2
+ 2

∂2u

∂ξ∂η
+
∂2u

∂η2

and

∂2u

∂t2
=

∂

∂t

(
∂u

∂t

)
=

(
x
∂

∂ξ
− c ∂

∂η

)(
c
∂u

∂ξ
− c∂u

∂η

)

= c2
∂2u

∂ξ2
− 2c2

∂2u

∂ξ∂η
+ c2

∂2u

∂η2

Under this transformation the wave equation

∂2u

∂t2
= c2

∂2u

∂x2

becomes

−4c2 ∂
2u

∂ξ∂η
= 0

The equation is in its canonical form.

This equation can be integrated once with respect to ξ to give

∂u

∂η
= f ′(η)

where f ′ is an arbitrary function of η. Integrating again, this time with respect
to η, we obtain

u = f(η) + g(ξ)

with g an arbitrary function of η. The general solution of the wave equation
therefore has the form

u = f(x− ct) + g(x+ ct)

and so can always be written as the sum of right and left travelling waves.

−ct ct

4.2 The Heat Equation

In one dimension this is the partial differential equation Lecture 27

∂u

∂t
= κ

∂2u

∂x2
(12)
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Again we will look at some straightforward methods of solution for simple
geometries.

Solution on a finite domain: separation of variables

Suppose we have boundary conditions of the form

u(0, t) = u(L, t) = 0 for t > 0 (13)

and an initial condition

u(x, 0) = f(x) for 0 ≤ x ≤ L (14)

In a similar way to the wave equation we can seek a separated-variables solu-
tion of the form

u(x, t) = X(x) + T (t)

Substitution into (12) leads to

XT ′ = κX ′′T

so that
T ′

κT
=
X ′′

X
= −λ2

(−λ2 is the separation constant.) As in the case of the wave equation we
now see that the left-hand-side is a function of x only, and the right-hand-side
depends only on t. Therefore we must have, for some constant λ2:

X ′′ + λ2X = 0; T ′ + λ2κT = 0

The sign of the separation constant λ2 depends on the type of boundary
conditions we impose. In our particular case since we are imposing (13) we
require X(0) = X(L) = 0 which can only be accomplished if λ2 > 0 (otherwise
the solutions for X will be of exponential form). We therefore have

X(x) = A cosλx+B sinλx

with A = 0 and λ = nπ/L. The corresponding solution for T arises to

T ′

T
= −λ2κ = −n2π2κ/L2

and hence

T (t) = c exp

(
−n2π2κt

L2

)
Putting the two components together and summing over all modes we obtain

u(x, t) =

∞∑
n=1

sin

(
nπx

L

)
exp

(
−n2π2κt

L2

)
(15)

Finally, applying the initial condition (14) we have

f(x) =

∞∑
n=1

bn sin

(
nπx

L

)
(0 < x < L)
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which we recognise as a half-range Fourier sine series for f(x) with coefficients

bn =
2

L

∫ L

0

f(x) sin

(
nπx

L

)
dx (16)

Therefore the required solution of the heat equation subject to (13) and (14)
is given by (15) and (16). The method can be adapted to accommodate
boundary conditions on ∂u/∂x rather than u [see problem sheet 7].

Solutions on an infinite or semi-infinite domain

Again, as with the wave equation we can use Fourier transforms to help us
obtain a solution. Consider for example the problem

∂u

∂t
= κ

∂2u

∂x2
for 0 < x <∞, t > 0

u(0, t) = 0 for t ≥ 0 (17)

u(x, 0) = f(x) for 0 < x <∞ (18)

and u bounded as x→∞ for all t.

Since this problem is posed over a semi-infinite domain we could take either
a Fourier cosine or sine transform. Recall from property (ix), section 3.2 that
if we take a cosine transform of a second derivative we require a knowledge
of ∂u/∂x when x = 0, while if we take a sine transform we need to know u
at x = 0. In this particular case, in view of (17), we have the latter situation
and so we will take a Fourier sine transform of the equation, to give

∂ûs
∂x

= κFs

{
∂2u

∂u2

}
= κ

{
− ω2ûs + ωu(0, t)

=

0

}

where ûs(ω, t) is the Fourier sine transform of u(x, t) with respect to x. Sub-
stituting for u(0, t) fro (17) and integrating, we obtain

ûs = B(ω)e−ω2κt

Taking the Fourier since transform of (18) we obtain ûs = f̂s(ω) on t = 0,

allowing us to determine B(ω) = f̂s(ω) and hence

ûs = f̂s(ω)e
−ω2κt

Applying the inversion formula for the Fourier sine transform we can them
write the solution in the form

u(x, t) =
2

π

∫ ∞

0

f̂s(ω)e
−ω2κt sin(ωx) dω

where

f̂s(ω) =

∫ ∞

0

f(q) sin(ωq) dq

Higher dimensions

The methods of separation of variables and Fourier transforms can also be used
on the heat equation in two and three dimensions. However the variables in
the boundary conditions need to be separated for this technique to work, and
so the methods are of limited use for problems with complicated geometries
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4.3 Laplace’s equation and Poisson’s equation

We will write Laplace’s equation in the form

∇2ϕ = 0

We will also study the related equation

∇2ϕ = f(r) (19)

where f is a prescribed function of position r(= x î+ y ĵ+ z k̂). Equation (19)
is known as Poisson’s equation. Note that these are both steady equations.

Types of boundary conditions

If we look for a solution in a volume V , then the boundary conditions will
be given on the surfaces S which bound V . These boundary conditions are
generally of two types:

(i) Dirichlet boundary conditions, in which ϕ is given on the boundary;

(ii) Neumann boundary conditions, in which the normal derivative ∂ϕ/∂n,
is prescribed on the boundary.

Solution using separation of variables and transform techniques

The same techniques used for the wave and heat equations will also work
on Laplaces equation. The main limitations of these methods are the simple
shapes of domain to which they can be applied, and the necessity for the
variables in the boundary conditions to separate. There are examples of the
use of these techniques on problem sheets 7 and 8.

In what follows we shall consider the three-dimensional form of the equations
and apply some of the techniques and theorems we have learned to formulate
solutions. We will use a number of results from vector calculus and will also
generalise the Dirac delta function we encountered in section 3.

Proposition 4.1 (Uniqueness for interior problems). Let ϕ satisfy Poisson’s
equation

∇2ϕ = f(r)

in a volume V . The volume is bounded on its exterior by a surface S0. On the
surface we have a Dirichlet boundary condition, i.e. ϕ = p(r) on S0. Then
the solution for ϕ is unique.

V
S0

Proof. We will suppose there are two solutions and seek a contradiction. Let
the two solutions be ϕ1 and ϕ2. They must both satisfy Poissons equation
and the same boundary conditions. Forming the difference

Φ ≡ ϕ1 − ϕ2
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we must therefore have that

∇2Φ = ∇2ϕ1 −∇2ϕ2 = f(r)− f(r) = 0

Now recall from 1.8 Green’s first identity with ψ = ϕ = Φ:∫
S0

Φ
∂Φ

∂n
dS =

∫
V

Φ∇2Φ︸︷︷︸
0

+|∇Φ|2 dV

In view of the boundary conditions, (Φ = 0 on S0, so) the left-hand side is
zero, and since Φ satisfies Laplaces equation throughout V , the first term on
the right-hand-side is also zero. This leaves∫

V

|∇Φ|2 dV = 0

The volume integral of a positive quantity can only be zero if the integrand is
in fact identically zero, and so this implies

∇Φ = 0 throughout V

This means that Φ is at most a constant throughout V , but because Φ is zero
on the boundaries, it follows that Φ is identically zero throughout V . Hence
ϕ1 = ϕ2 and the solution is unique. �

Much the same reasoning applies if ϕ is a complex-valued function of position,
if we have Neumann rather than Dirichlet boundary conditions, and also if
the volume V has holes in it [Problem sheet 8].

Example 4.2. Solve Lecture 28∇2Φ = 2 inside the unit sphere r ≤ 1 with Φ = 1
on r = 1.

We note that the right-hand-side, the geometry and the boundary con-
ditions have radial symmetry. We therefore seek a solution Φ = Φ(r)
independent of θ, ϕ in spherical polar coordinates. Referring back to sec-
tion 1.9.10, the form for the Laplacian in spherical polars is

∇2Φ =
1

r2 sin θ

[
∂

∂r

(
r2 sin θ

∂Φ

∂r

)
+

∂

∂θ

(
sin θ

∂Φ

∂θ

)
+

∂

∂ϕ

(
1

sin θ

∂Φ

∂ϕ

)]

=
∂2Φ

∂r2
+

2

r

∂Φ

∂r
+
����cot θ

r2
∂Φ

∂θ
+
�
�

��1

r2
∂2Φ

∂θ2
+
������

1

r2 sin2 θ

∂2Φ

∂ϕ2

so that our equation reduces under the conditions of radial symmetry to

1

r2
d

dr

(
r2
dΦ

dr

)
= 2

Integrating to obtain

r2
dΦ

dr
=

2r3

3
+ C

and hence

Φ =
1

3
r2 − C

r
+D
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For Φ to be finite at r = 0 we require C = 0. Applying Φ = 1 on r = 1
gives D = 2/4 and so the required solution is

Φ =
1

3
r2 +

2

3

Due to the uniqueness theorem, we know this is the only possible solution.

Proposition 4.3 (Uniqueness for exterior problems). Now suppose we have
a situation where there is an inner boundary S1, but the outer boundary S0 is
taken to infinity so that V is now an unbounded volume (figure 3). Suppose

∇2ϕ = f(r)

throughout V . Suppose in addition that ϕ = O(1/r), ∂ϕ/∂r = O(1/r2) as
r →∞. Then the solution for ϕ in V is unique.1

V

S1

S0

Proof. Let’s start by considering the surface S0 to be a large sphere of radiusR.
Suppose there are two solutions ϕ1, ϕ2 and form the difference Φ. Proceeding
as in the previous proof, using Green’s first identity, we have∫

V

|∇Φ|2 dV =

1∑
i=0

∫
Si

Φ
∂Φ

∂n
dS

=

∫
S0

Φ
∂Φ

∂n
dS

since the integral over S1 is zero due to the boundary condition that Φ vanishes
on S1. Since S0 is a sphere of radius R, we can write dS = R2 sin θ dθ dϕ in
spherical polar coordinates, and ∂Φ/∂n = ∂Φ/∂r. We therefore have∫

V

|∇Φ|2 dV =

∫ 2π

ϕ=0

∫ π

0

Φ
∂Φ

∂r
R2 sin θ dθ dϕ

Because of the assumed behaviour of Φ as r →∞, the RHS above is of order
1/R and hence tends to zero as R → ∞. We therefore see that the exterior
problem ∫

V

|∇Φ|2 dV = 0

and hence, arguing as in the previous proof, Φ = 0 and hence the solution is
unique. �

1If f = O(rα) as r → ∞, this means that limr→∞ r−αf(r) = K ̸= 0.
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The proof extends to Neumann boundary conditions as before, and also to
the situation where the volume V has any finite number of inner boundaries
[Problem sheet 8]

Example 4.4. Solve ∇2Φ = f(r) for 0 ≤ r <∞, where

f(r) =

{
f0, r ≤ a
0, r > a

We will assume that Φ is bounded throughout the region and that Φ and
dΦ/ dr → 0 as r → ∞ to guarantee a unique solution. As before we can
seek a solution with radial symmetry and so Φ = Φ(r) only.

1

r2
d

dr

(
dΦ

dr

)
= f(r) (20)

Solving for r ≤ a first, we obtain (after some elementary calculus):

d

dr

(
r2

dΦ

dr

)
= f0r

2 =⇒ Φ = 16f0r
2 −

�
��A
r
+B

We need A = 0 so that the solution is finite at r = 0. Next, solving (20)
for r > a, we obtain

d

dr

(
r2

dΦ

dr

)
= 0 =⇒ Φ =

C

r
+D

We require Φ→ 0 as r →∞, and so we deduce that D must be zero. To
find the remaining constants B,C we impose continuity of Φ and dΦ/dr
at r = a. This gives

continuity of Φ =⇒ 1

6
f0a

2 +B =
C

a

continuity of
dΦ

dr
=⇒ 1

3
f0a = − C

a2

Substituting for B and C we find that the resulting solution for Φ is

Φ =


1

6
f0r

2 − 1
2f0a

2, r ≤ a

−1

3
f0a

3/r, r ≥ a

Point sources and the Dirac delta function

Lets consider the result of our previous example in the limit as a → 0. This
means that the right-hand side is becoming concentrated at the origin r = 0.
In addition we will let f0 → ∞ in such a way that (4/3)πa3f0 remains equal
to a constant - call this K. In this limit the solution we obtained above for Φ
for r > a becomes

Φ = − K

4πr
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We have therefore obtained a solution to

∇2Φ = f(r)

where the RHS has the properties

f(r) =

{
0 r ̸= 0

“∞” r = 0

Another property of the function f(r) can be seen from the following calcula-
tion, in which we use the divergence theorem over a sphere radius R centred
at the origin ∫

V

f(r) dV =

∫
V

∇2Φ dV

=

∫
V

∇ · (∇Φ) dV

=

∫
sphere r=R

∂Φ

∂r

∣∣∣∣
r=R

dS

=

∫ 2π

ϕ=0

∫ π

θ=0

K

4πR2
R2 sin θ dθ dϕ

=
K

4π
2π[− cos θ]π0

= K

The function f/K is the extension of the Dirac delta function Lecture 29studied in §3
to three dimensions and is denoted by δ(r). Moreover, we can extend this
definition so that the argument is a vector, i.e. the function δ(r).

Definition (Delta function with vector argument). We define

δ(r) = 0 for r ̸= 0

and ∫
V

δ(r) dV =

{
1 if V contains the origin

0 otherwise

We claim that the solution of

∇2Φ = Kδ(r) (21)

is

Φ = − K

4π|r|
(22)

This can be verified in the following way . Firstly we have already seen in
section 1.4.6 that ∇2(1/r) = 0 for r ̸= 0. To check the solution for r = 0 we
integrate both sides of (21) over a volume V containing r = 0 to get∫

V

∇2Φ dV = K

∫
V

δ(r) dV = K
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Using the divergence theorem, the LHS can be rewritten as∫
S

(∇Φ · n̂) dS

where the origin is interior to the closed surface S which bounds V . But if
Φ = −K/4π|r|, then

∇Φ = −K
4π

r̂
∂

∂r

(
1

r

)
=
K

4π

r̂

r2
=
K

4π

r

r3

and so this can be rewritten as

K

4π

∫
S

r

r3
· n̂ dS =


K

4π
· 4π = K if 0 is inside V

0 if 0 is outside

The integral here should be familiar as it is equal to 4π using Gauss’ flux
theorem (Theorem 1.22). The LHS is therefore also equal to K, and we have
therefore verified that (22) is indeed the solution to (21), and is the only
solution since we can invoke the uniqueness theorem.

If we move the source to r = r0 then we can easily modify our analysis to
show that the solution of ∇2Φ = Kδ(r− r0) is

Φ = − K

4π|r− r0|

It can also be shown that the sifting property of the delta function carries over
to three dimensions, i.e. ∫

V

g(r)δ(r− r1) dV = g(r1)

for any continuous function g.

Definition (Green’s function). The Green’s function G(r; r0) is defined as
the solution of

∇2G = δ(r− r0) (23)

subject to some appropriate boundary conditions.

For the three-dimensional problems we have studied we have seen that the
so-called free-space Greens function, i.e. the function that satisfies (23) and
tends to zero as r →∞ is given by

G(r; r0) = −
1/4π

|r− r0|

= −(4π)−1
{
(x− x0)2 + (y − y0)2 + (z − z0)2

}−1/2

in Cartesian coordinates. As we shall see, knowledge of the Greens function
will enable us to write down solutions to Poissons and Laplaces equation in
closed form.
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Solutions to Poisson’s equation using Green’s functions

Suppose that Φ satisfies
∇2Φ = f(r)

throughout some volume V . We will denote the boundary of V by the surface
∂V . [N.B. not dV ]. (If the volume is unbounded we will assume that Φ =
O(1/r) as r →∞, so that a unique solution is guaranteed). We suppose that
the boundary condition is of Dirichlet-type, i.e.

Φ = p(r) on ∂V

Consider the following associated problem for G(r; r0):

∇2G = δ(r− r0)

in V with G = 0 on ∂V . Now take Green’s second identity (1.8.8) and apply
it to the function Φ and G:∫

V

(Φ∇2G−G∇2Φ) dV =

∫
∂V

(
Φ
∂G

∂n
−G∂Φ

∂n

)
dS

The right hand side can be rewritten as∫
∂S

p(r)
∂G

∂n
(r; r0) dS

while after substituting for ∇2G and ∇2Φ, the LHS is∫
V

Φ(r)δ(r− r0)−G(r; r0)f(r) dV

which, upon use of the sifting property, becomes

Φ(r0)−
∫
V

G(r; r0)f(r) dV

We can therefore write the solution for Φ in the form

Φ(r0) =

∫
V

G(r; r0)f(r) dV +

∫
∂V

p(r)
∂G

∂n
(r; r0) dS (24)

Thus, in principle, if we can find the Green’s function we can solve Poisson’s
equation for Φ.

A similar approach can be taken if Poisson’s equation is subject to Neumann
conditions on the boundary [Problem sheet 8].

The method of images

Often it is possible to find the Greens function explicitly by the method of
images as shown in the following Laplace equation example.

Suppose we wish to solve
∇2Φ = 0

in the region z > 0 with the boundary condition

Φ(x, y, 0) = p(x, y)
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(We will assume Φ = O(1/r) as z → ∞ to ensure uniqueness). We will
tackle this problem by introducing an associated Dirichlet Green’s function
that satisfies

∇2G = δ(r− r0) for z > 0 (25)

G = 0 on z = 0 (26)

If the boundary condition at z = 0 is absent we know that the Greens function
is

G(r; r0) = −(4π)−1 1

|r− r0|
This solution is referred to as a source singularity of strength 1 situated at
r = r0 = (x0, y0, z0). Now lets add another singularity of opposite strength at
a location the same distance below the xy plane, i.e. at r′0 = (x0, y0,−z0) (a
mirror image). The modified Greens function is therefore

G(r; r0) = −(4π)−1 1

|r− r0|
+ (4π)−1 1

|r− r′0|

Now, when z = 0 we have

|r− r0| = |r− r′0|

z
r0

r

r′0

and so we see that G = 0 on z = 0 as required. Thus the Greens function (27)
satisfies equation (25) and the boundary condition (26)

Now that we have the Green’s function we can Lecture 30apply the result of the previous
section (equation (24) with f = 0) to obtain the solution for Φ as

Φ(r0) =

∫
∂V

p(x, y)
∂G

∂n
(r; r0) dS (f = 0)

In this example ∂V is the plane z = 0 and ∂/∂n = −∂/∂z (since n is the
outward normal to the volume V ). Using our expression for G

G = −(4π)−1
{
[(x− x0)2 + (y − y0)2 + (z − z0)2]−1/2

− [(x− x0)2 + (y − y0)2 + (z + z0)
2]−1/2

}
we find that

∂G

∂z
= (−4π)−1

{
− (z − z0)[(x− x0)2 + (y − y0)2 + (z − z0)2]−3/2

+ (z + z0)[(x− x0)2 + (y − y0)2 + (z + z0)
2]−3/2

}
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Evaluating this quantity on z = 0 we have

∂G

∂z

∣∣∣∣
z=0

= −(4π)−12z0

[
(x− x0)2 + (y − y0)2 + z20

]−3/2

and so the solution for Φ can be expressed in the form

Φ(x0, y0, z0) =
z0
2π

∫ ∞

−∞

∫ ∞

−∞
p(x, y)

[
(x− x0)2 + (y − y0)2 + z20

]−3/2

dxdy

Example 4.5. Suppose we wish to solve Laplace’s equation for z > 0
with Φ = p(x, y) on z = 0 and p(x, y) given explicitly as

p(x, y) =

{
1, x2 + y2 ≤ 1

0, x2 + y2 > 1

Using the result derived above with this specific form for p:

Φ(x0, y0, z0) =
z0
2π

∫
x2+y2≤1

[
(x− x0)2 + (y − y0)2 + z20

]−3/2

dxdy

Using polar coordinates: x = ρ cos θ, y = ρ sin θ:

=
z0
2π

∫ 2π

0

∫ 1

0

[
ρ2 + x20 + y20 + z20 − 2x0ρ cos θ − 2y0ρ sin θ

]−3/2

ρ dρ dθ

where we have switched to plane polar coordinates (ρ, θ). In particular,
the solution along the z-axis is

Φ(0, 0, z0) +
z0
2π

∫ 2π

0

∫ 1

0

(ρ2 + z20)
−3/2ρ dρ dθ

= −z0[(ρ2 + z20)
−1/2]ρ=1

ρ=0

= 1− z0
(1 + z20)

1/2

We can apply the method of images in a similar fashion to solve the same
problem but with a Neumann condition on z = 0 [Problem sheet 8].

Poisson’s equation in two dimensions

Felina. This same approach can also be used for two-dimensional problems,
although the Greens function has a different (logarithmic) form in this case
[see problem sheet 8]. For a Dirichlet problem in which we wish to solve

∇2ϕ = f(r)

in a region R of the x− y plane, with

ϕ = p(x)

on the boundary C of R (figure 5), we consider the Green’s function problem

∇2G = δ(r− r0)

in R, with G = 0 on C.
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C

∇2φ = f(x, y)

φ given on C

Applying Green’s second identity in 2D (section 1.8.9) we find that

ϕ(r0) =

∫
R

G(r; r0)f(r) dxdy +

∮
C

p(x)
∂G

∂n
(r; r0) ds

where now r0 = (x0, y0). A similar expression can be derived for Neumann
boundary conditions. By using the method of images as we did in three
dimensions, Greens functions can be found explicitly for certain problems.
There is an example on the final problem sheet.

- End of Multivariable Calculus -
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